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Abstract

Our goals for this experiment were to design a bridge that is accurate to within 1% of a fixed known resistance in a range from 100( to 100K(, and to obtain resistance values for an electrolyte solution using selected conductivity cells that were in 1% agreement with predicted resistance values based on literature values.  Another goal was to develop a method where a prepared student group could have the AC Wheatstone Bridge system up and running in less than 1 hour.  We started with 11 pairs of fixed resistors ranging from 100( to 100K( using a proto-board to build the bridge.  The final Hardwired Bridge used 3 fixed resistor pairs (463(, 997(, and 1484() that were chosen as a method of data reduction because they gave the most accurate results for the range of measured resistors.  We found resistance measurements of a range of fixed resistors from 100( to 100K( that had error to within 0.2-1.3% accuracy and 1.84-2.28% precision.  Resistances of the electrolyte solutions had error within 0.1-20.6% accuracy and 1.2-10.2% precision.  Using the new Hardwired Bridge and revised procedure, student who had background knowledge of the Wheatstone Bridge were able to assemble and run the system in less than 30 minutes.

Background

Resistance Measurement:


There are several methods of direct fixed resistance measurement; the simplest uses an ohmmeter.  The ohmmeter sends a known current across a resistance, and measures the potential drop over the resistance.  Fixed resistors and wires are not affected by current flow, and their resistance can be effectively measured through use of the ohmmeter whereas solutions well cause many errors in resistance measurement.


Current flow in an electrolyte solution can cause convective heating effects and charge separation on electrodes due to polarization effects.  Both of these effects can reduce accuracy of measurement, as the conductivity is a function of both temperature and particle charge.  Effects caused by current flow can be essentially eliminated through use of an AC Wheatstone bridge, as the AC potential reduces the chance of electrode polarization, and the bridge allows accurate resistance measurement with very low current flow.  

The Wheatstone Bridge:

The Wheatstone bridge is simple to understand and construct.  This bridge consists of four resistors that form a “loop.”

Figure 1: Common Wheatstone bridge
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Rm represents the unknown resistance that is to be measured.  Rb represents the resistance box which is used to produce precise resistance measurements over a wide range.  Rf1 and Rf2 are fixed resistors of known resistance.  The bridge is assembled as seen above, and the potential between nodes 2 and 4 is measured with the multimeter (high impedance voltmeter).  When Rf1, and Rf2 represent the same fixed resistance, Rb can be adjusted so that the potential across the bridge (between nodes 2 and 4) is zero.  When this “null” condition is met, V2 = V4, and the resistance on the resistance box should be the same as the resistance of the unknown (measured) resistance.  


The mathematical representation of the bridge is simple, and sheds more light on its operational uses. When the potential drop across the bridge is zero, V2 = V4, and the voltage drops across Rm and Rf1 are the same as the voltage drops across Rb and Rf1 respectively.  This condition requires that the current on the left side (IL) to be equal to the current on the right side (IR), and through Ohm’s Law:

I​l Rm = Ir Rb           and           Il Rf1 = Ir Rf2       (1)

These equations can be rearranged and combined to yield:

IL/IR = Rb/Rm = Rf2/Rf1        or         Rm = Rb(Rf1/Rf2)     (2)

This second form is most useful, because the measured resistance can be immediately determined through knowledge of the other resistance values.  The relationship between Rm and Rb reduces to a common equality when Rf1 and Rf2 are identical.  

Determination of Fixed resistors:

In order for the bridge to work accurately, the fixed resistors must be identical, but this is very difficult to achieve.  Real resistors are never identical, but measures can be taken to make the values of Rf1 and Rf2 equal.  One acceptable method is to place a potentiometer in series with one of the fixed resistors.  By substituting a known resistance for Rm, then setting Rb to that value, and placing a resistor at Rf1 of the same magnitude as Rm and Rb, the potentiometer can be adjusted until the voltage drop reads zero.  When the potential is zeroed, the bridge is balanced, and equation 2 is satisfied.


Another method to obtain equivalent fixed resistors is accomplished by finding two fixed resistors that read the same value.  This can be done using a commercial resistance meter.  By going through the selection of resistors available and measuring the resistance of each, two resistors will eventually be found to read the same value.  These two resistors can be placed in the Rf1 and Rf2 positions in the bridge.


It is important to remember that the value of Rf1 and Rf2 should be of the same magnitude as the value of Rm and Rb.  This will reduce the amount of precision error and accuracy in resistance measurement.

Methods and Materials

Materials

· Resistors of values between 100( to 100k(- fixed resistors, measured resistors

· Proto-board

· Variable Resistance Box

· Commercial resistance meter 

· Signal generator and voltmeter

· Black Box

· Dual Banana Binding Posts

· Soldering Iron

· Water bath with Haake D1 immersion heater/circulator

· Conductivity cells with K = 1 and 0.1.

· Standard KCl solution

· Na2SO4 salt

Methods

Data Reduction of Resistance Measurements:


During Week 1, we built a bridge on a proto-board and tested 11 different resistors as both fixed (Rf1, Rf2) and measured resistors (Rm).  This was done to determine fixed resistor values that would provide the most accurate and precise measured resistance values over a range of 100( to 100K(.  As fixed resistors, we used pairs of 100(, 220(, 333(, 463(, 681(, 997(, 1483(, 2.00K(, 10.05K(, 46.5K(, and a 100.5K( resistors.  A commercial resistance meter was used to find two resistors that read the same value.  For Rm, we used all of the resistor magnitudes listed above.  We then tried to “null” the bridge to obtain a voltage difference of zero or closest to zero.  The resistance value from the box was then recorded and compared to the expected to determine the accuracy of the bridge.  We also recorded the voltage difference if zero was not reached and used that value in our calculation of precision error of Rm.  


The recorded data was analyzed to find precision and accuracy. The precision error value was determined using the equation for the uncertainty interval of Equations 1 and 2 in the background. This uncertainty interval equation was solved for Rm and then differential equations for each of the variables were determined.  The intervals for each of the variables are known equipment deviations.

Accuracy was found in percentage by using the following equation

|Rm(expected)-Rm(measured)|  * 100%
    

(3) 

Rm(expected)

This method would help us determine whether or not the bridge could give a resistance reading to with 1% accuracy.  The expected value was obtained by using the commercial bridge resistance meter, and the measured resistance was the value from the resistance box when the bridge was balanced (voltage across bridge was zero.)  After analyzing the data and finding accuracy and precision, we were able to reduce the range of fixed resistors to be tested so that we could refine the bridge and determine the optimum fixed resistor value for the range of 100( to 100K(.

During Week 2, we tested the proto-board bridge again using an isolated range of fixed resistors (463(, 681(, 997(, 1484(, 2K() that gave us the most accurate and precise values of resistance the previous week.


After conducting experiments on the proto-board and determining the minimum error we could produce within the limits of our experimentation, we constructed a hard-wired Wheatstone bridge.  This bridge was built using dual banana binding posts screwed into a black box which would allow for easier substitutions of fixed and measured resistors (See Figure 1).  

Figure 1:
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The banana binding posts were hardwired together by standard wires that were soldered to the posts.  This process of hardwiring and soldering improves the connections, and reduces any inconsistencies that may arise from loose wiring. This permanent bridge will also greatly reduce illegitimate error and will allow quick assembly of the bridge.  We performed the same experimentation as we did with the proto-board using this black box.  We isolated 3 fixed resistors (463(, 997(, and 1484() from the 5 we tested earlier with the proto-board that would give the best measurements of resistance for our testing range of 100( to 100K(.  Again, we used the methods described above to determine the precision of Rm for the Hardwired Bridge.

Preparation of Experimental Solutions

On Week 3, we tested the Hardwired Bridge using an electrolyte solution as Rm.  We tested a range of concentrations between 0.02M and 0.0002M of Na2SO4.  This range of concentration fits Kohlrausch’s Law that was determined during Experiment 4 of the assigned laboratories conducted in a previous week.  First, a standard KCl solution of 0.1M was made using solid KCl and a 1L volumetric flask.  The Na2SO4 solutions were made in the same manner so that concentrations of 0.0002M, 0.0042M, 0.0081M, 0.012M, 0.016M, 0.02M could be tested. Three different stock solutions of each concentration were made to obtain an average of resistance measurements.  The solutions were put into 50mL tubes and placed in the 25(C water bath for at least 30 minutes so that the temperature could equilibrate.  

Resistance Measurements of Solutions

The KCl solution was used to calibrate the conductivity cells. One end of the conductivity cells of K=0.1cm-1 and K=1cm-1 was connected to the bridge in the Rm position while the other was placed in the KCl solution.  The resistance of the box and the voltage reading on the multi-meter were recorded.  This was performed three times using three different stock solutions in order to analyze the precision error.  

The cells were then placed into the Na2SO4 solutions and the resistance box was used to null the bridge. We then tested the Na2SO4 solutions using this same procedure.  Again, the resistance value of the box and voltage readings were recorded.  

The precision of the conductivity of the solutions was obtained by finding the standard deviation of the three different solutions for each concentration.  There are three factors that contribute to this total error.  These are that due to the concentration, that of the conductivity cells, and finally, that of the hardwired bridge.  The uncertainty interval for the concentration was calculated by using the error in the Mettler balance and the volumetric flask, and using the relationship that Molarity = mass/volume.  This was then converted to a resistance value using the equivalent conductance.  The error in the conductivity cell was obtained using known values from lab 4.  Since it was unclear where these values were obtained during that lab, we used this factor of the uncertainty interval and the data from that lab to solve for (K ((K = (R*M*q*().  We then resolved this equation using our current data, and the new (K value to find the deviation in Rm due to the conductivity cell.  The remaining error is due to the Hardwired Bridge, which for the 1484( resistor was determined in the first part of the lab to be 1.98% of the resistance measured.

   These numbers would then help us determine if, when used with selected conductivity cells, a 1% agreement with predicted resistance values based on literature values could be obtained.

Field Testing


In order to determine if our new hardwired bridge would allow a prepared student to assemble and run an AC Wheatstone Bridge in less than 1 hour, we tested our procedure by experimenting on a few students.  We presented a few students in the lab with the necessary materials and a sample procedure and timed the amount of time it took for them to assemble and run the system.  Each person tested needed to have had previous background with the Wheatstone bridge before they could be tested.   
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Results


In order to determine the ideal value for the fixed resistors, we tested a wide range of fixed resistors against the same group of hypothetical “measured” resistances.  We found that when fixed resistors of a relatively small order were used, we could obtain results that were very precise for small measured resistance but became deviant for large measured resistances.  An opposite trend appeared with the use of larger fixed resistors, in that precise results were obtained for large measured resistances, but small resistances showed some imprecision.  A table of our data is presented below:

Table 1:

Week 1

Proto-board Bridge
           Measured Resistance values (()

                      And Precision Error

Fixed Resistors
100 
220
333
463 
681 
997 
1484 
2.00K
10.05K
46.5K
100.8K

100 (
6.50
2.28
2.01
2.10
2.01
2.10
2.01





220 (
3.78
2.32
2.01
2.00
2.00
2.00
2.00





333 (
1.99
2.01
2.00
2.00
2.00
2.00
2.00





463 (
1.87
1.98
2.00
2.00
2.01
2.02
2.02
2.07
2.40



681 (
1.91
3.14
2.02
2.01
2.02
2.02
2.02
2.04
2.19
2.02


997 (
1.06
1.97
2.24
1.98
2.01
2.00
2.16
2.02
2.08
2.38
2.89

1484 (
2.00
2.01
1.95
2.87
2.00
2.00
2.00
2.00
2.38
2.57
8.09

46500 (
2.00
2.00
2.00
2.00
2.00
2.00
0.35
2.00
3.45



Table 1: Fixed resistors listed along the left, Measured resistances in bold along the top, with precision in the body of the table

As can be seen from the table, most of the fixed resistors yield a precision of around 2%.  It is also shows that the smaller fixed resistors (100( through 463() are unable to analyze resistance values above 2000(.   Blank spots in the table represent measurements that yielded inconclusive results.  These were determined by changing the value of the resistance box after we had nulled the bridge.  If the voltmeter reading did not change when the resistance box was changed by 1% from the expected resistance, then we determined that the fixed resistance value was insensitive to that range of measurement.  From this data we chose the four “most effective” fixed resistances (463(, 681(, 997(, 1484() for the range of 100(-100k(.  We also chose an arbitrary fixed resistance value of 2000( in order to determine if the precision for the higher measured resistances would improve between 1484( and 2000(.  The data for these five selected resistances is presented below:

Table 2:

Week 2

Proto-board Bridge
           Measured Resistance values (()

                  And Precision Error (%)

Fixed Resistors
100 
220
333
471 
686 
1010 
1483 
2.00K
9.96K
47.1K
100.4K

463 (
3.64
2.41
2.01
2.38
2.08
2.56
2.00
2.27




681 (
2.44
2.12
2.01
4.18
2.07
2.00
2.00
2.17
2.10
2.20
2.30

997 (
1.64
2.01
2.01
2.00
2.00
2.00
2.07
2.00
2.29
2.40
2.51

1484 (

2.01
2.01
2.00
2.03
2.00
2.00
2.14
2.49
2.73
2.96

2000 (

2.01
2.01
2.00
2.05
2.19
2.08
2.13
2.70
3.20
3.59

Again in this table, the smaller fixed resistors yield greater precision in the range of measured resistance that is within their order of magnitude.  Likewise the larger fixed resistors are more precise when the measured resistance becomes higher than 2000(.  The several blank spots in the table represent inconclusive data.  As would be expected, the attempt to measure very high resistances with relatively low fixed resistors produces inconclusive results. 


From this data, we narrowed the number of fixed resistors to three, in order to obtain a set that would be able to accurately measure resistances between 100( and 100K(.  We chose fixed resistance values of 463(, 997(, and 1484( since the 463( resistor yielded the best results for the lower ranges.  The 997( and 1484( resistors showed more accurate results but we were afraid to trust these precision percentages due to the insensitivity trend discussed above.  We then tested them a third time on the Hardwired Bridge that would be used.  The results of our final trial are presented in 

Table 3:

Table 3: 

Week 2

Hard Wired Bridge
           Measured Resistance values (()

                  Precision Error (%)

Fixed Resistors
100 
220
333
471 
686 
1010 
1483 
2.00K
9.96K
47.1K
100.4K

463 (
3.42
3.22
2.01
2.47
2.00
2.00
2.00
2.00




997 (
1.36
1.95
2.03
2.00
2.00
1.82
2.00
1.99
2.19
 
2.51

1484 (
 
1.70
2.01
2.00
2.17
2.05
2.00
2.00
2.39
2.62
2.61

This table shows some of the same trends, but appears to deviate slightly, in that the precision of the higher fixed resistors seems better across the entire range.  Some of this is due to the fact that as the measured resistance becomes several orders of magnitude different from the fixed resistors, accuracy is greatly reduced.  While it appears that the higher fixed resistors are better suited to measure small resistances, this is in fact not the case (see Discussion section.).

Once the three fixed resistance values were chosen, we wanted to see how the accuracy was affected by the switch from a standard proto-board bridge to our hard wired bridge.  We accomplished this by comparing the accuracy of the proto-board bridge to the accuracy of the Hardwired Bridge at each of the three resistance values chosen (463(, 997(, and 1484().  The comparison of these accuracy values for the 1484( fixed resistors are presented below (See appendix A for other two graphs).

Graph 1:

[image: image3.wmf]
It is evident from this graph that the use of the Hardwired Bridge paralleled the proto-board almost exactly.  The only significant change could be seen at the 220( measured resistance in which the Hardwired Bridge yielded worse results.  As can be seen above, our accuracy was under 1% for all of the measured resistances when tested with the 1484( fixed resistors.  The same trends were seen for the other fixed resistor values of 463( and 997(.   

Our final objective was to test our new hardwired bridge along with the electrolyte solutions.  We used the 1484( fixed resistor because of its balance of accuracy, precision, and sensitivity of measurement.  Our results from this test were:

Table 4: Concentration (M)
Accuracy (%)
Precision (%)

0.0002
20.6
10.24

0.0042
2.07
1.55

0.0081
0.780
4.25

0.012
0.392
3.61

0.016
0.104
1.20

0.02
0.976
4.54

0.04
0.379
1.19

0.08
5.66
4.32

As can be seen in the table, the 0.0002M solution produced the worst results in both accuracy and precision.  With regards to the accuracy of the measured resistances, we found that concentrations above 0.0042M produced accuracy results to within 1%.  The precision error, however, was much more scattered and did not follow the same trends.  

Discussion

Our first goal was to design an AC Wheatstone Bridge that is accurate to within 1% of a fixed resistance.  From the bridge we designed, we were able to get resistance measurements to within 0.2-1.3% accuracy with a precision of 1.84-2.28%.  This precision range is within the 95% confidence level indicating our results are significant.  These measurements were taken using fixed resistors between 463( and 1484(.  The reduction of fixed resistors from 11 to 3 resistors was possible because error for resistance measurements for the range of resistors between 100( to 100K( was constant at around 2%.


Our second goal was to use our bridge to obtain resistance measurements of electrolyte solutions that fall within 1% of the predicted resistance.  We found resistance values that had precision values between 1.2-10.3% and accuracy within 0.1-20.6% of the predicted resistance.  The high error percentages occurred with the lowest concentration, which required a very small mass of salt in solution.


Our third goal involved developing a method that would allow students in the future to assemble and run the bridge in less than 1 hour.  A few students with background on the Wheatstone Bridge were tested.  Given the new bridge along with a revised procedure that gives step by step instructions on assembly, these students were able to put the bridge together ready for use in less than 30 minutes.


There were many sources of error that were quantified in the calculation of the uncertainty interval for the precision error.  These were found in the fixed resistors (5% error of the resistance), voltmeter (0.8%+3DGT, Metex Multimeter Operating Manual), and the resistance box (1% error).  There was also error in the commercial Inductance/Resistance Meter used to measure the values of the fixed resistances, but the error was not known.  Additional error was present when using the electrolyte solutions.  This error came from the Mettler Balance used to weigh out the appropriate mass of salt for each Na2SO4 concentration solution.  The balance fluctuated significantly for the lowest concentration of 0.0002M which required only 0.02g of salt causing a 50% concentration error.  This fluctuated was quantified to around (0.008g.  The conductivity cell, with cell constant K = 0.1, also caused poor results.  This error on this cell, used only for the 0.0002M solution, is evident in the high percentage error of 20.6% accuracy and 10.3% precision.  Another source of error in our solution measurement involves the distilled water that we used to dissolve the Na2SO4.  Purer water would have increased the accuracy of our results by only representing the conductivity associated with the Na2SO4 instead of any particles in the water.  Perhaps Millipore water would have improved our results 


A couple of limitations in our development of a bridge within 1% accuracy were found in the resistors and resistance meter.  The resistors used had a 5% error.  The use of more accurate resistors, preferably with an error of less than 1%, would decrease the possibility of variance in each pair of fixed resistors.  We put our trust in the accuracy of the commercial resistance meter even though the error was unknown since we thought that it would be more accurate and precise than the multimeters and the color coded resistor readings on each resistor.  A more accurate measuring device would produce a more accurate bridge since the measurement of resistance would have a smaller margin of error.

It was necessary for the value of Rf1 and Rf2 to be of the same magnitude as the value of Rm, the measured resistance.  We noticed that as the difference of the two increased, the bridge became insensitive to change in Rb (resistance box).  There was a threshold range within (1% where the voltmeter read zero regardless of changes in Rb.  For this reason, we chose resistors that were in the middle of the range of 100( –100K( that would not be as insensitive for measured resistors of high and low resistance.


We were able to build a bridge that gave resistance measurements within 0.2-1.3% accuracy.  The use of the Hardwired Bridge does not give significantly more accurate measurements, but facilitates simple assembly and use.  Soldering wires eliminates risk of crossing wires or poor connection that is found in using the proto-board.  No calibration is needed for this new bridge since the fixed resistors are already chosen and the bridge is already zeroed.  This bridge will allow student groups in the future to focus more on the actual lab experiment, which is the Conductivity of Electrolyte Solutions, and the error associated with it.  This bridge can also be used as a learning tool for students just beginning to understand the concept of the Wheatstone Bridge.  By presenting the students with the black box and 3 pairs of fixed resistors along with the other necessary components, first year lab students will be challenged in deciphering the structure and mechanism as to how an AC Wheatstone Bridge operates.
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Appendix

Appendix A

Accuracy comparisons between proto-board vs. Hardwired Bridge.
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