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Abstract5

We prove a general theorem for establishing properties expressed by binary relations on typed6

(first-order) λ-terms, using a variant of the reducibility method and logical PERs. As an application,7

we prove simultaneously that β-reduction in the simply-typed λ-calculus is strongly normalizing,8

and that the Church-Rosser property holds (and similarly for βη-reduction).9
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1 Introduction15

Logical relations are an important tool used in proving some deep results about various typed16

λ-calculi and their models. A special form of the concept of a logical relation first appeared17

in Harvey Friedman’s seminal paper [4]. General logical relations were defined and used18

extensively in the pioneering work of Plotkin [18] and Statman [19, 21, 20], and later on in a19

more general setting by Breazu-Tannen and Coquand [2], Mitchell [15], Mitchell and Moggi20

[16], and Abramsky [1], among others. As the name indicates, logical relations are certain21

kinds of relations, and they are used to prove relational properties of terms. On the other22

hand, reducibility is a tool used in proving properties of terms in various typed λ-calculi.23

Typically, it is used to prove strong normalization or normalization, but it can be used to24

prove other properties as well. The method was pioneered by Tait [22] for the simply-typed25

λ-calculus, and brilliantly extended to various higher-order typed λ-calculi by Girard [9, 10]26

(see also Tait [23]). Various expositions and analyses of such proofs are given in Mitchell27

[15], Krivine [14], Huet [11], and Gallier [5, 6, 7, 8], among others. Another crucial concept28

is that of a partial equivalence relation, or PER. PER’s were introduced by Hyland [12] and29

Mulry [17]. PERs are a major tool in defining categories of domains in an effective setting30

(see Freyd, Mulry, Rosolini, and Scott [3]). PERs also often show up as logical relations, and31

are called logical PERs (see Breazu-Tannen and Coquand [2]).32

In this note, we prove a general theorem for establishing properties expressed by binary33

relations on typed (first-order) λ-terms, using a variant of the reducibility method and of34

logical PERs. This note is written much in the spirit of our earlier papers [6, 8]. Our goal is35

to elucidate the conditions under which the technology of reducibility and of logical relations36

works. We do this by finding sufficient conditions that a binary relation R on typed λ-terms37

need to satisfy for establishing that R holds, using reducibility. The conditions presented in38

this paper were inspired by a paper by Koletsos [13].39

In this short note, we restrict out attention to the simply-typed λ-calculus, but there is40

little doubt that our method can be generalized to all the first-order types (as in [6]), or to41

type intersection disciplines (as in [8]). As an illustration, it is easy to show simultaneously42

that β-reduction is strongly normalizing and that the Church-Rosser property holds (and43

similarly for βη-reduction).44
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7:2 A Note On Logical PERs and Reducibility. Logical Relations Strike Again!

The generalization to second-order types (or more general types) is much more problematic45

(for a discussion of some of the problems, see Breazu-Tannen and Coquand [2]), and is left46

as an open problem.47

2 R-Logical Candidates for the Arrow Type Constructor →48

Let T denote the set of (simple) types. Recall that the set of simple types is defined49

inductively from a set of base types and using the type constructor →, i.e. a base type b is a50

type, and (σ → τ) is a type whenever σ and τ are types.51

The presentation will be simplified if we adopt the definition of simply-typed λ-terms52

where all the variables are explicitly assigned types once and for all. More precisely, we have53

a family X = (Xσ)σ∈T of variables, where each Xσ is a countably infinite set of variables of54

type σ, and Xσ ∩Xτ = ∅ whenever σ 6= τ . Using this definition, there is no need to drag55

contexts along, and the most important feature of the proof, namely the reducibility method,56

is easier to grasp. Recall that an untyped λ-term is either a variable x, an application (MN),57

or a λ-abstraction λx : σ.M . The terms of the typed λ-calculus λ→ (also called simply-typed58

λ-terms) are the λ-terms that respect certain type-checking rules reviewed below.59

I Definition 1. Given a λ-term M and a type σ, we define the binary relation M : σ (read,
M has type σ) using the following type-checking rules:

x : σ, when x ∈ Xσ,

(we can also have c : σ, where c is a constant of type σ, if there is a set of constants that
have been preassigned types).

x : σ M : τ
λx : σ. M : (σ → τ)

(abstraction)

M : (σ → τ) N : σ
(MN) : τ

(application)

From now on, when we refer to a λ-term, we mean a λ-term that type-checks. We let Λσ

denote the set of λ-terms of type σ, and Λ→ = (Λσ)σ∈T , also called the set of simply-typed
λ-terms. In this section, the only reduction rule considered is β-reduction:

(λx : σ. M)N −→β M [N/x].

Equations between λ-terms of the same type σ are denoted as M .= N : σ, and equational60

provability is defined as follows.61

I Definition 2. The axioms and inference rules of the equational β-theory of the typed
λ-calculus λ→ are defined below.

x
.= x : σ (reflexivity),

where x is any variable of type σ. We also have axioms c .= c : σ, where c is a constant of
type σ, when typed constants are present.

(λx : σ. M)N .= M [N/x] : τ (β)
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M1
.= M2 : σ

M2
.= M1 : σ

(symmetry)

M1
.= M2 : σ M2

.= M3 : σ
M1

.= M3 : σ
(transitivity)

M1
.= M2 : (σ → τ) N1

.= N2 : σ
(M1N1) .= (M2N2) : τ

(congruence)

M1
.= M2 : τ

λx : σ. M1
.= λx : σ. M2 : (σ → τ)

(ξ)

The notation `β M
.= N : σ means that the equation M

.= N : σ is provable from the62

above axioms and inference rules.63

The equational βη-theory of the typed λ-calculus λ→ is obtained by adding the following
axiom to the above axioms and inference rules.

λx : σ. (Mx) .= M : (σ → τ) (η)

where x /∈ FV (M).64

The notation `βη M
.= N : σ means that the equation M .= N : σ is provable from all the65

axioms, including (η), and the inference rules.66

Given any term M , we can easily show by induction on the structure of M that the67

equation M .= M : σ is provable using the (reflexivity) axioms and the rules (congruence)68

and (ξ). Thus, reflexivity holds for all terms, not just variables and constants. The reason69

for using a restricted form of the reflexivity axioms is that this makes the proof of Lemma 1070

simpler.71

It turns out that the behavior of a term depends heavily on the nature of the last typing72

inference rule used in typing this term. A term created by an introduction rule, or I-term,73

plays a crucial role, because when combined with another term, a new redex is created. On74

the other hand, for a term created by an elimination rule, or simple term, no new redex75

is created when this term is combined with another term. This motivates the following76

definition.77

I Definition 3. An I-term is a term of the form λx : σ.M . A simple term (or neutral term)78

is a term that is not an I-term. Thus, a simple term is either a variable x, a constant c, or79

an application MN . A term M is stubborn iff it is simple and, either M is irreducible, or80

M ′ is a simple term whenever M +−→β M ′ (equivalently, M ′ is not an I-term).81

Let R = (Rσ)σ∈T be a family of nonempty binary relations, where Rσ ⊆ Λσ × Λσ.82

I Definition 4. Properties (P0)-(P3) are defined as follows:83

(P0) Every relation Rσ is a per, i.e., Rσ is symmetric and transitive.84

(P1) 〈x, x〉 ∈ Rσ, 〈c, c〉 ∈ Rσ, for every variable x and constant c of type σ.85

(P2) If 〈M1, M2〉 ∈ Rσ and M1 −→β M
′
1, then 〈M ′1, M2〉 ∈ Rσ.86

(P3) If M1 and M2 are simple, 〈M1, M2〉 ∈ Rσ→τ , 〈N1, N2〉 ∈ Rσ, and either 〈(λx : σ.M ′1)N1,87

M2N2〉 ∈ Rτ whenever M1
+−→β λx : σ. M ′1 and M2 is stubborn, or 〈(λx : σ. M ′1)N1,88

(λx : σ. M ′2)N2〉 ∈ Rτ whenever M1
+−→β λx : σ. M ′1 and M2

+−→β λx : σ. M ′2, then89

〈M1N1, M2N2〉 ∈ Rτ .90

Tannen’s Festschrift
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From now on, we only consider families of relations R satisfying conditions (P0)-(P3) of91

Definition 4.92

I Definition 5. For any type σ, a nonempty relation C ⊆ Λσ × Λσ is a R-logical candidate93

iff it satisfies the following conditions:94

(R0) C is a per.95

(R1) C ⊆ Rσ.96

(R2) If 〈M1, M2〉 ∈ C and M1 −→β M
′
1, then 〈M ′1, M2〉 ∈ C.97

(R3) If M1 and M2 are simple, 〈M1, M2〉 ∈ Rσ, and either 〈λx : γ. M ′1, M2〉 ∈ C whenever98

M1
+−→β λx : γ. M ′1 and M2 is stubborn, or 〈λx : γ. M ′1, λx : γ. M ′2〉 ∈ C whenever99

M1
+−→β λx : γ. M ′1 and M2

+−→β λx : γ. M ′2, then 〈M1, M2〉 ∈ C.100

Note that (R3) and (P1) imply that for every type σ, any R-logical candidate C of type101

σ contains all pairs 〈x, x〉 and 〈c, c〉 for all variables and all constants of type σ. More102

generally, (R3) implies that C contains all pairs 〈M1, M2〉 of stubborn terms in Rσ, and103

(P1) guarantees that pairs 〈x, x〉 and 〈c, c〉 are in Rσ (for every type σ).104

By (P3), if 〈M1, M2〉 ∈ Rσ→τ is a pair of stubborn terms and 〈N1, N2〉 ∈ Rσ is any105

pair of terms, then 〈M1N1, M2N2〉 ∈ Rτ . Furthermore, M1N1 and M2N2 are also stubborn106

since they are simple terms and since they can only reduce to an I-term (a λ-abstraction) if107

M1 or M2 reduce to a λ-abstraction, i.e. an I-term. Thus, if 〈M1, M2〉 ∈ Rσ→τ is a pair of108

stubborn terms and 〈N1, N2〉 ∈ Rσ is any pair of terms, then 〈M1N1, M2N2〉 ∈ Rτ is a pair109

of stubborn terms. Also, observe that if M1
+−→β M ′1, M2

+−→β M ′2, and 〈M1, M2〉 ∈ C,110

then 〈M ′1, M ′2〉 ∈ C. This follows from (R2) and (R0), since (R0) implies symmetry and111

transitivity.112

Given a family of relations R, for every type σ, we define the relation [[σ]] as follows.113

I Definition 6. The logical relations [[σ]] are defined as follows:114

[[σ]] = Rσ, σ a base type,115

[[σ → τ ]] = {〈M1, M2〉 | 〈M1, M2〉 ∈ Rσ→τ , and for all N1, N2,116

if 〈N1, N2〉 ∈ [[σ]] then 〈M1N1, M2N2〉 ∈ [[τ ]]}.117
118

I Lemma 7. If R is a family of relations satisfying conditions (P0)-(P3), then each [[σ]] is a119

R-logical candidate that contains all pairs of stubborn terms in Rσ.120

Proof. We proceed by induction on types. If σ is a base type, [[σ]] = Rσ, and obviously,121

every pair of stubborn terms in Rσ is in [[σ]]. Since [[σ]] = Rσ, (R0) and (R1) are trivial, (R2)122

follows from (P2), and (R3) is also trivial.1123

We now consider the induction step.124

(R0). By the definition of [[σ → τ ]], symmetry and transitivity are straightforward.125

(R1). By the definition of [[σ → τ ]], (R1) is trivial.126

(R2). Let 〈M1, M2〉 ∈ [[σ → τ ]], and assume that M1 −→β M ′1. Since 〈M1, M2〉 ∈127

Rσ→τ by (R1), we have 〈M ′1, M2〉 ∈ Rσ→τ by (P2). For any 〈N1, N2〉 ∈ [[σ]], since128

1 In fact, if [[σ]] = Rσ, (R3) holds trivially even at nonbase types. This remark is useful is we allow type
variables.
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〈M1, M2〉 ∈ [[σ → τ ]], we have 〈M1N1, M2N2〉 ∈ [[τ ]], and since M1 −→β M ′1 we have129

M1N1 −→β M
′
1N1. Then, applying the induction hypothesis at type τ , (R2) holds for [[τ ]],130

and thus 〈M ′1N1, M2N2〉 ∈ [[τ ]]. Thus, we have shown that 〈M ′1, M2〉 ∈ Rσ→τ and that if131

〈N1, N2〉 ∈ [[σ]], then 〈M ′1N1, M2N2〉 ∈ [[τ ]]. By the definition of [[σ → τ ]], this shows that132

〈M ′1, M2〉 ∈ [[σ → τ ]], and (R2) holds at type σ → τ .133

(R3). Let 〈M1, M2〉 ∈ Rσ→τ , and assume that 〈λx : σ. M ′1, λx : σ. M ′2〉 ∈ [[σ → τ ]]134

whenever M1
+−→β λx : σ. M ′1 and M2

+−→β λx : σ. M ′2, or that 〈λx : σ. M ′1, M2〉 ∈ [[σ → τ ]]135

whenever M1
+−→β λx : σ. M ′1 and M2 is stubborn, where M1 and M2 are simple terms. We136

prove that for every 〈N1, N2〉, if 〈N1, N2〉 ∈ [[σ]], then 〈M1N1, M2N2〉 ∈ [[τ ]]. First, we prove137

that 〈M1N1, M2N2〉 ∈ Rτ , and for this we use (P3). First, assume that M1 and M2 are138

stubborn, and let 〈N1, N2〉 be in [[σ]]. By (R1), 〈N1, N2〉 ∈ Rσ. By the induction hypothesis,139

all pairs of stubborn terms in Rτ are in [[τ ]]. Since we have shown that 〈M1N1, M2N2〉 is140

a pair of stubborn terms in Rτ whenever 〈M1, M2〉 ∈ Rσ→τ is pair of stubborn terms and141

〈N1, N2〉 ∈ Rτ , we have 〈M1, M2〉 ∈ [[σ → τ ]].142

Now, assume that M1 or M2 is not stubborn. Since by (R0), each [[σ]] is symmetric, we143

only need to consider the case where M1 is not stubborn and M2 is stubborn. This case is144

similar to the next case, because M2N2 is stubborn for any N2, and we leave it as an exercise.145

Consider 〈M1,M2〉 ∈ Rσ→τ where M1 and M2 are non stubborn. If M1
+−→β λx : σ. M ′1146

andM2
+−→β λx : σ.M ′2, then by assumption, 〈λx : σ.M ′1, λx : σ.M ′2〉 ∈ [[σ → τ ]], and for any147

〈N1, N2〉 ∈ [[σ]], we have 〈(λx : σ. M ′1)N1, (λx : σ. M ′2)N2〉 ∈ [[τ ]]. Since by (R1), 〈N1, N2〉 ∈148

Rσ and 〈(λx : σ. M ′1)N1, (λx : σ. M ′2)N2〉 ∈ Rτ , by (P3), we have 〈M1N1, M2N2〉 ∈ Rτ .149

Now, there are two cases.150

If τ is a base type, then [[τ ]] = Rτ and 〈M1N1, M2N2〉 ∈ [[τ ]].151

If τ is not a base type, then the terms M1N1 and M2N2 are simple. We prove that152

〈M1N1,M2N2〉 ∈ [[τ ]] using (R3) (which by induction, holds at type τ). The case where153

M1N1 and M2N2 are stubborn follows from the induction hypothesis. The case where M1N1154

is not stubborn and M2N2 is stubborn is similar to the next case, but simpler (and the155

symmetric case follows by (R0)).156

If both M1N1 and M2N2 are not stubborn terms, observe that if M1N1
+−→β Q1 and

M2N2
+−→β Q2, where Q1 = λy : γ. P1 and Q2 = λy : γ. P2 are I-terms, then the reductions

are necessarily of the form

M1N1
+−→β (λx : σ. M ′1)N ′1 −→β M

′
1[N ′1/x] ∗−→β Q1,

and
M2N2

+−→β (λx : σ. M ′2)N ′2 −→β M
′
2[N ′2/x] ∗−→β Q2,

where M1
+−→β λx : σ. M ′1, M2

+−→β λx : σ. M ′2, N1
∗−→β N ′1, and N2

∗−→β N ′2. Since157

by assumption, 〈λx : σ. M ′1, λx : σ. M ′2〉 ∈ [[σ → τ ]] whenever M1
+−→β λx : σ. M ′1 and158

M2
+−→β λx : σ. M ′2, and by the induction hypothesis applied at type σ, by (R2) and (R0),2159

〈N ′1, N ′2〉 ∈ [[σ]], we conclude that 〈(λx : σ. M ′1)N ′1, (λx : σ. M ′2)N ′2〉 ∈ [[τ ]]. By the induction160

hypothesis applied at type τ , by (R2) and (R0), we have 〈Q1, Q2〉 ∈ [[τ ]], and by (R3), we161

have 〈M1N1, M2N2〉 ∈ [[τ ]].162

2 Symmetry and transitivity are needed, but they follow from (R0).

Tannen’s Festschrift
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Since 〈M1, M2〉 ∈ Rσ→τ and 〈M1N1, M2N2〉 ∈ [[τ ]] whenever 〈N1, N2〉 ∈ [[σ]], we163

conclude that 〈M1, M2〉 ∈ [[σ → τ ]]. J164

For the proof of the next lemma, we need to add two new conditions (P4) and (P5) to165

(P0)-(P3).166

I Definition 8. Properties (P4) and (P5) are defined as follows:167

(P4) If 〈M1, M2〉 ∈ Rτ , then 〈λx : σ. M1, λx : σ. M2〉 ∈ Rσ→τ .168

(P5) If 〈N1, N2〉 ∈ Rσ and 〈M1[N1/x],M2[N2/x]〉 ∈ Rτ , then 〈(λx : σ.M1)N1, (λx : σ.M2)N2〉169

∈ Rτ .170

I Lemma 9. If R is a family of relations satisfying conditions (P0)-(P5) and for every171

〈N1, N2〉, (〈N1, N2〉 ∈ [[σ]] implies 〈M1[N1/x], M2[N2/x]〉 ∈ [[τ ]]), then 〈λx : σ.M1, λx : σ.M2〉172

∈ [[σ → τ ]].173

Proof. We prove that 〈λx : σ.M1, λx : σ.M2〉 ∈ Rσ→τ and that for every every 〈N1, N2〉, if174

〈N1, N2〉 ∈ [[σ]], then 〈(λx : σ. M1)N1, (λx : σ. M2)N2〉 ∈ [[τ ]]. We will need the fact that the175

sets of the form [[σ]] have the properties (R0)-(R3), but this follows from Lemma 7, since176

(P0)-(P3) hold. First, we prove that 〈(λx : σ. M1)N1, (λx : σ. M2)N2〉 ∈ Rσ→τ .177

Since by Lemma 7, 〈x, x〉 ∈ [[σ]] for every variable of type σ, by the assumption of Lemma178

9, 〈M1[x/x], M2[x/x]〉 = 〈M1, M2〉 ∈ [[τ ]]. Then, by (R1), 〈M1, M2〉 ∈ Rτ , and by (P4), we179

have 〈λx : σ. M1, λx : σ. M2〉 ∈ Rσ→τ .180

Next, we prove that for every every 〈N1, N2〉 ∈ [[σ]], then 〈(λx : σ.M1)N1, (λx : σ.M2)N2〉181

∈ [[τ ]]. Assume that 〈N1, N2〉 ∈ [[σ]]. Then, by the assumption of Lemma 9, we de-182

duce that 〈M1[N1/x], M2[N2/x]〉 ∈ [[τ ]]. Thus, by (R1), we have 〈N1, N2〉 ∈ Rσ and183

〈M1[N1/x],M2[N2/x]〉 ∈ Rτ . By (P5), we have 〈(λx : σ.M1)N1, (λx : σ.M2)N2〉 ∈ Rτ . Now,184

there are two cases.185

If τ is a base type, then [[τ ]] = Rτ . But we just showed that 〈(λx : σ.M1)N1, (λx : σ.M2)N2〉186

∈ Rτ , so we have 〈(λx : σ. M1)N1, (λx : σ. M2)N2〉 ∈ [[τ ]].187

If τ is not a base type, then (λx : σ. M1)N1 and (λx : σ. M2)N2 are simple. Thus, we188

prove that 〈(λx : σ.M1)N1, (λx : σ.M2)N2〉 ∈ [[τ ]] using (R3). The case where (λx : σ.M1)N1189

and (λx : σ. M2)N2 are stubborn is trivial. The case where (λx : σ. M1)N1 is not stubborn190

and (λx : σ. M2)N2 is stubborn is similar to the next case and simpler (and the symmetric191

case follows by (R0)).192

If (λx : σ. M1)N1 and (λx : σ. M2)N2 are not stubborn and if (λx : σ. M1)N1
+−→β Q1

and (λx : σ. M2)N2
+−→β Q2, where Q1 = λy : γ. P1 and Q2 = λy : γ. P2 are I-terms, then

the reductions are necessarily of the form

(λx : σ. M1)N1
∗−→β (λx : σ. M ′1)N ′1 −→β M

′
1[N ′1/x] ∗−→β Q1,

(λx : σ. M2)N2
∗−→β (λx : σ. M ′2)N ′2 −→β M

′
2[N ′2/x] ∗−→β Q2,

whereM1
∗−→β M

′
1,M2

∗−→β M
′
2, N1

∗−→β N
′
1, and N2

∗−→β N
′
2. But 〈M1[N1/x],M2[N2/x]〉

∈ [[τ ]], and since
M1[N1/x] ∗−→β M ′1[N ′1/x] ∗−→β Q1,

and
M2[N2/x] ∗−→β M ′2[N ′2/x] ∗−→β Q2,
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by (R2) and (R0), we have 〈Q1, Q2〉 ∈ [[τ ]]. Since 〈(λx : σ. M1)N1, (λx : σ. M2)N2〉 ∈ Rτ193

and 〈Q1, Q2〉 ∈ [[τ ]] whenever (λx : σ.M1)N1
+−→β Q1 and (λx : σ.M2)N2

+−→β Q2, by (R3),194

we have 〈(λx : σ. M1)N1, (λx : σ. M2)N2〉 ∈ [[τ ]]. J195

I Lemma 10. Given a family of relations R satisfying conditions (P0)-(P5), for every pair196

〈M1, M2〉 of type σ, for every pair of substitutions ϕ1 and ϕ2 such that 〈ϕ1(y), ϕ2(y)〉 ∈ [[γ]]197

for every y : γ ∈ FV (M1) ∪ FV (M2), if `β M1
.= M2 : σ, then 〈M1[ϕ1], M2[ϕ2]〉 ∈ [[σ]].198

Proof. First, we prove the lemma, but in the case where M1
.= M2 : σ is provable in the199

proof system of Definition 2 without using the axioms (β) or (η). We proceed by induction200

on the proof of M1 = M2.201

x
.= x : σ (reflexivity)

Obvious, since by assumption, 〈ϕ1(x), ϕ2(x)〉 ∈ [[σ]].202

M1
.= M2 : σ

M2
.= M1 : σ

(symmetry)

By the induction hypothesis, 〈M1[ϕ1], M2[ϕ2]〉 ∈ [[σ]]. Since by Lemma 7 (R0), every [[γ]]203

is symmetric, we also have 〈M2[ϕ2], M1[ϕ1]〉 ∈ [[σ]].204

M1
.= M2 : σ M2

.= M3 : σ
M1

.= M3 : σ
(transitivity)

By the induction hypothesis, 〈M1[ϕ1], M2[ϕ2]〉 ∈ [[σ]] and 〈M2[ϕ2], M3[ϕ3]〉 ∈ [[σ]]. Since205

by Lemma 7 (R0), every [[γ]] is transitive, we also have 〈M1[ϕ1], M3[ϕ3]〉 ∈ [[σ]].206

M1
.= M2 : (σ → τ) N1

.= N2 : σ
(M1N1) .= (M2N2) : τ

(congruence)

By the induction hypothesis, 〈M1[ϕ1], M2[ϕ2]〉 ∈ [[σ → τ ]] and 〈N1[ϕ1], N2[ϕ2]〉 ∈ [[σ]].
By the definition of [[σ → τ ]], we get 〈M1[ϕ1]N1[ϕ1], M2[ϕ2]N2[ϕ2]〉 ∈ [[τ ]], which shows that

〈(M1N1)[ϕ1], (M2N2)[ϕ2]〉 ∈ [[τ ]],

since M1[ϕ1]N1[ϕ1] = (M1N1)[ϕ1] and M2[ϕ2]N2[ϕ2] = (M2N2)[ϕ2].207

M1
.= M2 : τ

λx : σ. M1
.= λx : σ. M2 : (σ → τ)

(ξ)

Consider any 〈N1, N2〉 ∈ [[σ]], and any substitutions ϕ1 and ϕ2 such that 〈ϕ1(y), ϕ2(y)〉
∈ [[γ]] for every y : γ ∈ (FV (M1) ∪ FV (M2)− {x}). Thus, the substitutions ϕ1[x := N1] and
ϕ2[x := N2] have the property that 〈ϕ1(y), ϕ2(y)〉 ∈ [[γ]] for every y : γ ∈ FV (M1)∪FV (M2).
By suitable α-conversion, we can assume that x does not occur in any ϕ1(y) or ϕ2(y) for every
y ∈ dom(ϕ1) ∪ dom(ϕ2), that N1 is substitutable for x in M1, and that N2 is substitutable
for x in M2. Then, M1[ϕ1[x := N1]] = M1[ϕ1][N1/x] and M2[ϕ2[x := N2]] = M2[ϕ2][N2/x].
By the induction hypothesis applied to 〈M1, M2〉, ϕ1[x := N1], and ϕ2[x := N2], we have

〈M1[ϕ1[x := N1]], M2[ϕ2[x := N2]]〉 ∈ [[τ ]],
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that is, 〈M1[ϕ1][N1/x], M2[ϕ2][N2/x]〉 ∈ [[τ ]]. Consequently, by Lemma 9,

〈(λx : σ. M1[ϕ1]), (λx : σ. M2[ϕ2])〉 ∈ [[σ → τ ]],

that is,
〈(λx : σ. M1)[ϕ1], (λx : σ. M2)[ϕ2]〉 ∈ [[σ → τ ]],

since (λx : σ. M1[ϕ1]) = (λx : σ. M1)[ϕ1] and (λx : σ. M2[ϕ2]) = (λx : σ. M2)[ϕ2].208

This concludes the proof in the case where M1
.= M2 : σ is provable in the proof system209

of Definition 2 without using the axioms (β) or (η). We now show that the lemma holds210

when the axioms (β) are also used.211

We noted (just after Definition 2) that the equation M .= M : σ is provable using the
(reflexivity) axioms and the rules (congruence) and (ξ), for every term M . Thus, by the
previous proof, we have that 〈M [ϕ1], M [ϕ2]〉 ∈ [[σ]] for every termM of type σ. In particular,
this holds for the term (λx : σ. M)N , and by (R2), we have

〈((λx : σ. M)N)[ϕ1], M [N/x][ϕ2]〉 ∈ [[τ ]].

But this shows that the lemma also holds for every axiom (β), concluding the proof. J212

I Theorem 11. If R is a binary relation on λ-terms satisfying conditions (P0)-(P5) listed213

below214

(P0) Every relation Rσ is a per, i.e., Rσ is symmetric and transitive;215

(P1) 〈x, x〉 ∈ Rσ, 〈c, c〉 ∈ Rσ, for every variable x and constant c of type σ;216

(P2) If 〈M1, M2〉 ∈ Rσ and M1 −→β M
′
1, then 〈M ′1, M2〉 ∈ Rσ;217

(P3) If M1 and M2 are simple, 〈M1,M2〉 ∈ Rσ→τ , 〈N1, N2〉 ∈ Rσ, and either 〈(λx : σ.M ′1)N1,218

M2N2〉 ∈ Rτ whenever M1
+−→β λx : σ. M ′1 and M2 is stubborn, or 〈(λx : σ. M ′1)N1,219

(λx : σ. M ′2)N2〉 ∈ Rτ whenever M1
+−→β λx : σ. M ′1 and M2

+−→β λx : σ. M ′2, then220

〈M1N1, M2N2〉 ∈ Rτ ;221

(P4) If 〈M1, M2〉 ∈ Rτ , then 〈λx : σ. M1, λx : σ. M2〉 ∈ Rσ→τ ;222

(P5) If 〈N1, N2〉 ∈ Rσ and 〈M1[N1/x],M2[N2/x]〉 ∈ Rτ , then 〈(λx : σ.M1)N1, (λx : σ.M2)N2〉223

∈ Rτ ;224

then for every provable equation `β M1
.= M2 : σ, we have 〈M1, M2〉 ∈ Rσ (in other words,225

every equation provable in the equational β-theory of λ→ satisfies the binary predicate defined226

by R).227

Proof. Apply Lemma 10 to every β-provable equation M1
.= M2 : σ and to the pair of228

identity substitutions, which is legitimate since 〈x, x〉 ∈ [[γ]] for every variable of type γ (by229

Lemma 7). Thus, 〈M1, M2〉 ∈ [[σ]] for every β-provable equation M1
.= M2 : σ, and thus230

〈M1, M2〉 ∈ Rσ. J231

Remark: The proof of Lemma 10 actually shows that each Rσ is reflexive.232

As an application of Theorem 19, it is easy to prove strong normalization and the Church-233

Rosser property for −→β . To do this consider the relation R defined as 〈M1, M2〉 ∈ R iff234

M1
∗←→β M2, and both M1 and M2 reduce to the same unique normal form. Properties235

(P0)-(P5) are easily verified, using the same techniques as in Gallier [6]. Of course, this is a236

bit of an overkill for the simply-typed λ-calculus.237

We now show how to extend the previous results to the βη-equational theory of λ→.238
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3 Adding η-Reduction239

The rule of η-reduction is an oriented version of axiom (η):

λx : σ. (Mx) −→η M,

where x /∈ FV (M). We will denote the reduction relation defined by β-reduction and240

η-reduction as −→βη.241

The definition of an I-term remains identical to that given in Definition 3, and similarly242

for stubborn terms. Properties (P0)-(P3) also remain the same, but they are stated with243

respect to the new reduction relation +−→βη .244

I Definition 12. Properties (P0)-(P3) are defined as follows:245

(P0) Every relation Rσ is a per, i.e., Rσ is symmetric and transitive.246

(P1) 〈x, x〉 ∈ Rσ, 〈c, c〉 ∈ Rσ, for every variable x and constant c of type σ.247

(P2) If 〈M1, M2〉 ∈ Rσ and M1 −→βη M
′
1, then 〈M ′1, M2〉 ∈ Rσ.248

(P3) If M1 and M2 are simple, 〈M1,M2〉 ∈ Rσ→τ , 〈N1, N2〉 ∈ Rσ, and either 〈(λx : σ.M ′1)N1,249

M2N2〉 ∈ Rτ whenever M1
+−→βη λx : σ. M ′1 and M2 is stubborn, or 〈(λx : σ. M ′1)N1,250

(λx : σ. M ′2)N2〉 ∈ Rτ whenever M1
+−→βη λx : σ. M ′1 and M2

+−→βη λx : σ. M ′2, then251

〈M1N1,M2N2〉 ∈ Rτ .252

From now on, we only consider families of relations R satisfying conditions (P0)-(P3) of253

Definition 12. Definition 5 remains the same, except that it uses the new reduction relation254

−→βη.255

I Definition 13. For any type σ, a nonempty relation C ⊆ Λσ ×Λσ is a R-logical candidate256

iff it satisfies the following conditions:257

(R0) C is a per.258

(R1) C ⊆ Rσ.259

(R2) If 〈M1, M2〉 ∈ C and M1 −→βη M
′
1, then 〈M ′1, M2〉 ∈ C.260

(R3) If M1 and M2 are simple, 〈M1, M2〉 ∈ Rσ, and either 〈λx : γ. M ′1, M2〉 ∈ C whenever261

M1
+−→βη λx : γ. M ′1 and M2 is stubborn, or 〈λx : γ. M ′1, λx : γ. M ′2〉 ∈ C whenever262

M1
+−→βη λx : γ. M ′1 and M2

+−→βη λx : γ. M ′2, then 〈M1, M2〉 ∈ C.263

Definition 6 remains unchanged, but we repeat it for convenience.264

I Definition 14. The logical relations [[σ]] are defined as follows:265

[[σ]] = Rσ, σ a base type,266

[[σ → τ ]] = {〈M1, M2〉 | 〈M1, M2〉 ∈ Rσ→τ , and for all N1, N2,267

if 〈N1, N2〉 ∈ [[σ]] then 〈M1N1, M2N2〉 ∈ [[τ ]]}.268
269

Lemma 7 also holds.270

I Lemma 15. If R is a family of relations satisfying conditions (P0)-(P3), then each [[σ]] is271

a R-logical candidate that contains all pairs of stubborn terms in Rσ.272

Proof. Careful inspection reveals that the proof of Lemma 7 remains unchanged. This is273

because, for a simple term M :274

If M ∈ Λσ→τ and there is a reduction MN
+−→βη Q where Q is an I-term, we must have275

M
+−→βη λx : σ. M1, even w.r.t. the reduction relation +−→βη . J276
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Properties (P4) and (P5) are unchanged, but we repeat them for convenience.277

I Definition 16. Properties (P4) and (P5) are defined as follows:278

(P4) If 〈M1, M2〉 ∈ Rτ , then 〈λx : σ. M1, λx : σ. M2〉 ∈ Rσ→τ .279

(P5) If 〈N1, N2〉 ∈ Rσ and 〈M1[N1/x],M2[N2/x]〉 ∈ Rτ , then 〈(λx : σ.M1)N1, (λx : σ.M2)N2〉280

∈ Rτ .281

Lemma 9 also extends to βη-reduction.282

I Lemma 17. If R is a family of relations satisfying conditions (P0)-(P5) and for every283

〈N1, N2〉, (〈N1, N2〉 ∈ [[σ]] implies 〈M1[N1/x],M2[N2/x]〉 ∈ [[τ ]]), then 〈λx : σ.M1, λx : σ.M2〉284

∈ [[σ → τ ]].285

Proof. This time, a few changes to the proof of Lemma 9 have to be made to take η-reduction286

rules into account.287

We need to reexamine the case where

(λx : σ. M1)N1
+−→βη Q1

and Q1 is an I-term (and similarly for (λx : σ.M2)N2
+−→βη Q2). The reduction is necessarily

of the form either

(λx : σ. M1)N1
∗−→βη (λx : σ. M ′1)N ′1 −→βη M

′
1[N ′1/x] ∗−→βη Q1,

where M1
∗−→βη M

′
1 and N1

∗−→βη N
′
1, or

(λx : σ. M1)N1
∗−→βη (λx : σ. (M ′1x))N ′1 −→βη M

′
1N
′
1
∗−→βη Q1,

where M1
∗−→βη M

′
1x, with x /∈ FV (M ′1), and N1

∗−→βη N
′
1.288

The first case is as in Lemma 9, we have

M1[N1/x] ∗−→βη M
′
1[N ′1/x] ∗−→βη Q1.

In the second case, as x /∈ FV (M ′1), we haveM ′1N ′1 = (M ′1x)[N ′1/x]. SinceM1
∗−→βη M

′
1x

and N1
∗−→βη N

′
1, we have

M1[N1/x] ∗−→βη (M ′1x)[N ′1/x] = M ′1N
′
1
∗−→βη Q1.

Thus, in all cases,

M1[N1/x] ∗−→βη Q1 and M2[N2/x] ∗−→βη Q2,

and since 〈M1[N1/x], M2[N2/x]〉 ∈ [[τ ]], by (R2) and (R0), we have 〈Q1, Q2〉 ∈ [[τ ]]. J289

Since Lemma 15 and Lemma 17 hold, so does the extension of Lemma 10 to βη-provability.290

I Lemma 18. Given a family of relations R satisfying conditions (P0)-(P5), for every pair291

〈M1, M2〉 of type σ, for every pair of substitutions ϕ1 and ϕ2 such that 〈ϕ1(y), ϕ2(y)〉 ∈ [[γ]]292

for every y : γ ∈ FV (M1) ∪ FV (M2), if `βη M1
.= M2 : σ, then 〈M1[ϕ1], M2[ϕ2]〉 ∈ [[σ]].293



Jean Gallier 7:11

Proof. The proof is similar to that of Lemma 10, but we also need to treat the case of the
(η)-axioms. Recall that the proof shows that 〈M [ϕ1], M [ϕ2]〉 ∈ [[σ]] for every term M of type
σ. In particular, this holds for the term λx : σ. (Mx) where x /∈ FV (M). By (R2), we have

〈((λx : σ. (Mx))[ϕ1], M [ϕ2]〉 ∈ [[τ ]].

This concludes the proof. J294

I Theorem 19. If R is a binary relation on λ-terms satisfying conditions (P0)-(P5), then for295

every provable equation `βη M1
.= M2 : σ, we have 〈M1, M2〉 ∈ Rσ (in other words, every296

equation provable in the equational βη-theory of λ→ satisfies the binary predicate defined by297

R).298

Proof. Apply Lemma 18 to every βη-provable equation M1
.= M2 : σ and to the pair of299

identity substitutions, which is legitimate since 〈x, x〉 ∈ [[γ]] for every variable of type γ (by300

Lemma 15). Thus, 〈M1, M2〉 ∈ [[σ]] for every βη-provable equation M1
.= M2 : σ, and thus301

〈M1, M2〉 ∈ Rσ, J302

Several variations of Lemma 18 and Theorem 19 are possible. We can use βη-convertibility303

instead of βη-reduction in Definition 12, Definition 13, and Definition 16. We can drop304

symmetry from (R0) and (P0), or drop (R0) and (P0) altogether. In these last two cases, we305

obtain a version of Lemma 18 by suitably restricting provability. Further investigations are306

required.307

As in the case of β-conversion, it is possible to prove strong normalization and the308

Church-Rosser property for −→βη, using Theorem 19. To do this consider the relation R309

defined as 〈M1, M2〉 ∈ R iff M1
∗←→βη M2, and both M1 and M2 reduce to the same unique310

normal form. Properties (P0)-(P5) are easily verified.311

Obviously, it would be interesting to find more general conditions than properties (P0)-(P5)312

for which our theorems still hold. We leave this an an open problem.313

References314

1 S. Abramsky. Domain theory in logical form. Annals of Pure and Applied Logic, 51:1–77, 1991.315

2 V. Breazu-Tannen and T. Coquand. Extensional models for polymorphism. Theoretical316

Computer Science, 59:85–114, 1988.317

3 P. Freyd, P. Mulry, G. Rosolini, and D. Scott. Extensional pers. Information and Computation,318

98(2):211–227, 1992.319

4 H. Friedman. Equality between functionals. In R. Parikh, editor, Logic Colloquium, volume320

453 of Lecture Notes in Math., pages 22–37. Springer-Verlag, 1975.321

5 Jean H. Gallier. On Girard’s “candidats de reductibilité”. In P. Odifreddi, editor, Logic And322

Computer Science, pages 123–203. Academic Press, London, New York, May 1990.323

6 Jean H. Gallier. On the correspondence between proofs and λ-terms. In P. DeGroote, editor,324

The Curry-Howard Isomorphism, Cahiers du Centre de Logique, No. 8, pages 55–138. Université325

Catholique de Louvain, 1995.326

7 Jean H. Gallier. Proving properties of typed λ-terms using realizability, covers, and sheaves.327

Theoretical Computer Science, 142:299–368, 1995.328

8 Jean H. Gallier. Typing untyped lambda terms, or reducibility strikes again! Annals of Pure329

and Applied Logic, 91:231–270, 1998.330

9 Jean-Yves Girard. Une extension de l’interprétation de Gödel à l’analyse, et son application à331

l’élimination des coupures dans l’analyse et la théorie des types. In J.E. Fenstad, editor, Proc.332

2nd Scand. Log. Symp., pages 63–92. North-Holland, 1971.333

Tannen’s Festschrift



7:12 A Note On Logical PERs and Reducibility. Logical Relations Strike Again!

10 Jean-Yves Girard. Interprétation fonctionnelle et élimination des coupures de l’arithmétique334

d’ordre supérieur. PhD thesis, Université de Paris VII, June 1972. Thèse de Doctorat d’Etat.335

11 Gérard Huet. Initiation au λ-calcul. Technical report, Université Paris VII, Paris, 1991.336

Lectures Notes.337

12 J.M.E. Hyland. The effective topos. In A. S. Troelstra and D. Van Dalen, editors, L. E. J.338

Brouwer, Centenary Symposium, Studies in Logic. North-Holland, 1982.339

13 G. Koletsos. Church-Rosser theorem for typed functional systems. J. Symbolic Logic, 50(3):782–340

790, 1985.341

14 J.L. Krivine. Lambda-Calcul, types et modèles. Etudes et recherches en informatique. Masson,342

1990.343

15 J. C. Mitchell. A type-inference approach to reduction properties and semantics of polymorphic344

expressions. In ACM Conference on LISP and Functional Programming, pages 308–319. ACM,345

1986. Reprinted in Logical Foundations of Functional Programming, G. Huet, Ed., Addison346

Wesley, 1990, 195-212.347

16 J.C. Mitchell and E Moggi. Kripke-style models for typed lambda calculus. Annals of Pure348

and Applied Logic, 51:99–124, 1991.349

17 P. S. Mulry. Generalized Banach-Mazur functionals in the topos of recursive sets. J. Pure350

Appl. Alebra, 26, 1982.351

18 G.D. Plotkin. Lambda definability in the full type hierarchy. In J. P. Seldin and J. R. Hindley,352

editors, To H. B. Curry: Essays on Combinatory Logic, Lambda Calculus and Formalism,353

pages 363–373, London, 1980. Academic Press.354

19 R. Statman. Completeness, invariance, and λ-definability. J. Symbolic Logic, 47(1):17–26,355

1982.356

20 R. Statman. Equality between functionals, revisited. In Harrington, Morley, Scedrov, and357

Simpson, editors, Harvey Friedman’s Research on the Foundations of Mathematics, pages358

331–338. North-Holland, 1985.359

21 R. Statman. Logical Relations and the Typed λ-Calculus. Information and Control, 65(2/3):85–360

97, 1985.361

22 W.W. Tait. Intensional interpretation of functionals of finite type I. J. Symbolic Logic,362

32:198–212, 1967.363

23 W.W. Tait. A realizability interpretation of the theory of species. In R. Parikh, editor, Logic364

Colloquium, volume 453 of Lecture Notes in Math., pages 240–251. Springer Verlag, 1975.365


	1 Introduction
	2 R-Logical Candidates for the Arrow Type Constructor 
	3 Adding -Reduction

