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. RtakhmdWp Shld :kfnphsglr enp EpWogr

Vd ‘qd fnhmf sn rstcx rtakhmd‘q shld ‘kfnqhsglr hm sghr ‘mc sgd mdws bntokd ne kdbstqdr- Hm sghr kdbstqd+ vd
vhkk enbtr nm rtakhmd‘q shld fqWog ‘kfnqhsglr- Adenqd vd rs‘qs+ ‘ pthbj mns‘shnm hr hm nqcdq-

MnsTshnmfi Enq ‘mx udqsdw E ; ’O.D(+ vd trd m ; }O } ‘mc k ; }D} sn cdmnsd sgd mtladq ne udqshbdr ‘mc
dcfdr+ qdrodbshudkx- Enq ‘mx udqsdw u ∈ O + L’u( cdmnsd sgd rds ne mdhfganqr ne u hm E ‘mc cdf’u( ; }L’u(} hr
sgd cdfqdd ne u- Vd ‘krn qdb‘kk sgd enkknvhmf a‘rhb dpt‘shnm9


u∈N cdf’u( ; 1k ’sgd ]g‘mcrg‘jhmf kdll‘”(-

.-. Ptdpv Lncdk enp EpWog Npnakdlr

Vgdm cdrhfmhmf rtakhmd‘q shld ‘kfnqhsglr+ rodbhexhmf sgd dw‘bs c‘s‘ lncdk+ nq q‘sgdq sgd ptdqx lncdk+ hr
bqtbh‘k ‘r sgd ‘kfnqhsgl b‘mmns dudm qd‘c sgd dmshqd hmots nmbd+- = ptdqx lncdk sgdm rodbhfidr vg‘s sxod
ne ptdqhdr b‘m ad l‘cd sn sgd hmots nq hm nsgdq vnqcr+ gnv nmd rgntkc dwodbs sn qdbdhud sgd hmots sn sgd
‘kfnqhsglr ’nesdm shldr+ vd ‘rrtld ‘ ptdqx s‘jdr N’0( shld(-

Hm sgd bnmsdws ne fq‘og oqnakdlr+ vd sxohb‘kkx vnqj vhsg nmd ne sgd enkknvhmf lncdkr9 WciWbdmbx khrs lncdk+
WciWbdmbx lWsqhw lncdk+ nq sgd fdmdqWk ptdqx lncdk- Hm d‘bg lncdk+ vd ‘rrtld sg‘s sgd fq‘og E ; ’O.D(

�Cm sgd biTrrhbTi rdsshmf Tirn rodbhexhmf sgd hmots Tbbdrr hr hlonpsTms: gnvdudpfi nmd bTm sxohbTiix bgTmfd ch�dpdms sxodr ne
Tbbdrr hm shld iela�n hm sgd hmots rhyd Tmc rn sghr cndr mns enpl T aTpphdp enp biTrrhbTi Tifnphsglr,
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g‘r jmnvm udqshbdr O ; {0. . . . . m{ ’rn HC’u( ∈ {0. . . . . m{ enq ‘mx u ∈ O ( ats sgd dcfdr ‘qd tmjmnvm- D‘bg
lncdk sgdm rodbhfidr gnv nmd b‘m ‘bbdrr sgd dcfdr ne sgd fq‘og-

:ciTbdmbx khrs ptdqx lncdk9 Sgd enkknvhmf ptdqhdr b‘m ad ‘mrvdqdc hm N’0( shld hm sghr lncdk9

� Cdfqdd ptdqhdr9 Fhudm ‘ udqsdw u ∈ O + ntsots cdf’u(+ m‘ldkx+ sgd cdfqdd ne u-

� Mdhfganq ptdqhdr9 Fhudm ‘ udqsdw u ∈ O ‘mc d ∈ Wm“+ ntsots sgd d,sg mdhfganq ne u nq ⊥ he d / cdf’u(-

Ax rsnqhmf sgd fq‘og hm sgd ‘ci‘bdmbx khrs enql‘s+ vd b‘m hlokdldms sgd ‘anud ptdqx lncdk enq ‘kfnqhsglr-

:ciTbdmbx lTsqhv ptdqx lncdk9 Sgd enkknvhmf ptdqhdr b‘m ad ‘mrvdqdc hm N’0( shld hm sghr lncdk9

� NThq ptdqhdr9 Fhudm svn udqshbdr t. u ∈ O + ntsots vgdsgdq ’t. u( hr ‘m dcfd hm E nq mns-

Ax rsnqhmf sgd fq‘og hm sgd ‘ci‘bdmbx l‘sqhw enql‘s+ vd b‘m hlokdldms sgd ‘anud ptdqx lncdk enq ‘kfnqhsglr-

FdmdqTk ptdqx lncdk enq fqTogr9 Sghr lncdk hr rhlokx ‘ bnlahm‘shnm ne ansg lncdkr ‘anud sg‘s ‘kknvr
‘kk sgd sgqdd ptdqhdr ldmshnmdc ‘anud- Sghr ptdqx lncdk b‘m ad hlokdldmsdc ax rsnqhmf ansg sgd ‘ci‘bdmbx
khrs ‘mc sgd ‘ci‘bdmbx l‘sqhw ne sgd fq‘og rdo‘q‘sdkx-

PdlTqjfi Sgd sgqdd lncdkr ‘anud ‘qd sgd lnrs rs‘mc‘qc lncdkr enq fq‘og oqnakdlr- Gnvdudq+ rnld,
shldr nmd b‘m bnmrhcdq dwsdmrhnmr ne sgdrd lncdkr+ enq hmrs‘mbd+ ax ‘kknvhmf ‘m dwsq‘ dcfd,rWlokd ptdqx
sg‘s qdstqmr ‘m dcfd tmhenqlkx ‘s q‘mcnl eqnl sgd fq‘og-

=cchshnm‘kkx+ sgd ptdqx lncdkr vd chrbtrrdc ‘qd bnmrhcdqdc knbWk ptdqhdr ‘r sgdx ‘mrvdq [knb‘k! hmenq,
l‘shnm ‘ants sgd fq‘og ’sxohb‘kkx etmbshnmr ne knb‘k mdhfganqgnnc ne ‘ rhmfkd udqsdw(- Qdrd‘qbgdqr g‘ud
‘krn rstchdc fknaWk ptdqx lncdkr sg‘s ‘mrvdq ltbg lnqd fkna‘k hmenql‘shnm9 enq hmrs‘mbd+ fhudm ‘ rds ne
udqshbdr+ qdstqm sgd mtladq ne dcfdr vhsg ansg dmconhmsr hm sgd rds- Vd vhkk s‘kj ‘ants fkna‘k ptdqhdr
k‘sdq hm sgd bntqrd ‘mc enq mnv nmkx ldmshnm sg‘s onvdq ne knb‘k ‘mc fkna‘k ptdqhdr ‘qd u‘rskx chffdqdms:
sgdqd ‘qd u‘qhntr oqnakdlr sg‘s b‘m ad rnkudc ltbg e‘rsdq vgdm nmd g‘r ‘bbdrr sn sgdrd fkna‘k ptdqhdr-

1 DrshlWshmf Mtladp ne Anmmdbsdc Anlonmdmsr

Vd rs‘qs vhsg nmd ne sgd lnrs bk‘rrhb‘k oqnakdlr hm sgd ‘qd‘ ne rtakhmd‘q shld fq‘og ‘kfnqhsglr+ m‘ldkx+
drshl‘shmf sgd mtladq ne bnmmdbsdc bnlonmdmsr+ rstchdc fiqrs ax Bg‘ydkkd+ Qtahmedkc+ ‘mc Sqduhr‘m W0“+ hm
sgd d‘qkhdrs rs‘fdr ne sgd fidkc ne rtakhmd‘q shld ‘kfnqhsglr- Sgd oqnakdl hr ‘r enkknvr9

Nqnakdl 0 ’DrshlTshmf mtladq ne bnmmdbsdc bnlonmdmsr(fi Fhudm ‘ fq‘og E ; ’O.D( hm sgd ‘ci‘,
bdmbx khrs ptdqx lncdk+ ‘ooqnwhl‘shnm o‘q‘ldsdq ε ∈ ’/. 0(+ ‘mc bnmficdmbd o‘q‘ldsdq � ∈ ’/. 0(+ ntsots ‘m
‘ooqnwhl‘sd mtladq ne bnmmdbsdc bnlonmdmsr B̃ rtbg sg‘s9

Oq

}B̃ � B} ≤ εm


≥ 0� �.

vgdqd B hr sgd ‘bst‘k mtladq ne bnmmdbsdc bnlonmdmsr hm E-

PdlTqjfi Sgd qd‘rnm vgx vd rdsskdc enq sghr ‘cchshud ‘ooqnwhl‘shnm ’vhsg qdrodbs sn m( ‘r noonrdc sn

ltkshokhb‘shud ‘ooqnwhl‘shnm ’g‘uhmf }B̃ �B} ≤ ε ·B( nq itrs ‘hlhmf enq sgd dw‘bs ‘mrvdq hr ‘r enkknvr9
chrshmfthrghmf vgdsgdq ‘ fq‘og hr bnmmdbsdc nq g‘r svn bnmmdbsdc bnlonmdmsr+ sgtr ‘ adssdq,sg‘m,1,
‘ooqnwhl‘shnm+ qdpthqdr �’m1( shld ’vd vhkk oqnud sghr qdrtks k‘sdq hm sgd bntqrd(-
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Adenqd vd fds sn cdrbqhad sgd ‘kfnqhsgl+ vd mddc ‘ cdfimhshnm-

Cdfimhshnm 0fi Dnq Wmx udqsdw u ∈ O ) vd cd�md ru Wr sgd rhyd ne sgd bnmmdbsdc bnlonmdms ne u hm E)
h-d-) sgd mtladq ne udqshbdr fihmbktchmf u( sgWs Wqd hm sgd rWld bnmmdbsdc bnlonmdms Wr u-

Sgd enkknvhmf bk‘hl qdctbdr sgd s‘rj ne drshl‘shmf sgd mtladq ne bnmmdbsdc bnlonmdmsr sn bnlotshmf ‘
rhlokd etmbshnm ne ru”r enq ‘kk u ∈ O -

BkThl 1fi B ;


u∈N
+<ni-

Oqnne- Ids C+. . . . . CC cdmnsd sgd bnmmdbsdc bnlonmdmsr ne E- Mnsd sg‘s O ; C+ ∪ . . . ∪CC ‘mc CV”r ‘qd
chrinhms- Sghr v‘x+ udqshbdr ne d‘bg bnmmdbsdc bnlonmdms CV bnmsqhatsd 0<}CV} sn sgd rtl+ vghbg ‘ccr to
sn 0 hm sgd bnlonmdms- Gdmbd+ sgd sns‘k rtl hr B- Enql‘kkx+

∑

u∈N

0

ru
;

C∑

V6+

∑

u∈C�

0

ru
;

C∑

V6+

∑

u∈C�

0

}CV}
;

C∑

V6+

}CV} ·
0

CV
;

C∑

V6+

0 ; B.

Ntq fdmdq‘k rsq‘sdfx hr mnv sn b‘kbtk‘sd sgd rtl hm Bk‘hl 1 sn drshl‘sd B ax r‘lokhmf ‘ rl‘kk mtladq
ne udqshbdr u ‘mc bnlotshmf ru+ vghbg b‘m ad cnmd ax cnhmf ‘mx enql ne fq‘og rd‘qbg+ r‘x+ CER nq AER+
rs‘qshmf eqnl u ‘mc bntmshmf mtladq ne uhrhsdc udqshbdr- Sghr rsq‘sdfx ‘s sghr onhms gnvdudq hr oqnakdl‘shb
adb‘trd vgdm ru hr udqx k‘qfd+ bnlotshmf ‘kk udqshbdr bnmmdbsdc sn u b‘m s‘jd ‘ knmf shld- =m hlonqs‘ms
nardqu‘shnm hr sg‘s g‘uhmf ‘ [k‘qfd! ru l‘jdr sgd bnmsqhatshnm ne u sn sgd rtll‘shnm ‘anud+ h-d-+

+
ni
+ [rl‘kk!

‘mc sgtr ‘klnrs mdfkhfhakd- Vd enql‘khyd sghr hm sgd enkknvhmf-

BkThl 2fi Cd�md r′u 9; lhm’ru. 1<ε( enq Wkk u ∈ O ′ Wmc B ′ 9;


u∈N
+<n�

i- Sgdm) }B � B ′} ≤ ’ε<1( · m-

Oqnne- Ehqrs+ nardqud sg‘s enq d‘bg u ∈ O 9

/ ≤ 0

r′u
� 0

ru
≤ ε

1
.

Sghr gnkcr adb‘trd r′u ≤ ru+ ‘mc ru / /+ ‘mc vgdmdudq r′u 6; ru+ vd g‘ud sg‘s r′u ; 1<ε+ ‘mc ru / /- Ax
rtllhmf sgd hmdpt‘khsx nudq ‘kk udqshbdr9

B ′ � B ;
∑

u∈N

0

r′t
� 0

rt
≤ ε

1
· m.

B ′ � B ;
∑

u∈N

0

r′t
� 0

rt
≥ /

bnmbktchmf sgd oqnne-

Bk‘hl 2 dmrtqdr sg‘s he hmrsd‘c ne bnlotshmf ru+ vd bnlotsd r′u+ vd b‘m rshkk fds ‘ fnnc drshl‘sd ne B-
Gnvdudq+ bnlotshmf r′u hr d‘rhdq mnv rhmbd vd nmkx mddc sn cn ‘ fq‘og rd‘qbg rs‘qshmf eqnl sgd udqsdw u ‘mc
sdqlhm‘sd sgd rd‘qbg vgdmdudq lnqd sg‘m 1<ε udqshbdr ‘qd entmc-

PdlTqjfi Bk‘hl 2 fhudr ‘ rsq‘hfgsenqv‘qc cdsdqlhmhrshb ‘kfnqhsgl enq sghr oqnakdl z rhlokx bnlotsd
r′u enq dudqx udqsdw vghbg s‘jdr N’0<ε1( shld odq udqsdw ’rdd Rdbshnm 1-1 enq cds‘hkr(- Sghr fhudr ‘m
N’m<ε1( shld cdsdqlhmhrshb ‘kfnqhsgl vghbg hr rtakhmd‘q hm sgd rhyd ne hmots ’vghbg b‘m ad �’m1(( ats
mns rtakhmd‘q hm sgd mtladq ne udqshbdr- Hm sgd qdrs ne sghr o‘qs+ vd ‘qd fnhmf sn rgnv sg‘s trhmf
q‘mcnlhy‘shnm+ nmd b‘m fds ‘ ltbg e‘rsdq ‘kfnqhsgl enq sghr oqnakdl-

Vd ‘qd mnv qd‘cx sn oqdrdms sgd ‘kfnqhsgl-
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:kfnqhsgl9 =m ‘kfnqhsgl enq Oqnakdl 0 nm ‘mx fhudm fq‘og E ; ’O.D(-

0- Ids i 9; 1<ε� · km ’1<�(-

1- Enq d ; 0 sn i cn sgd enkknvhmf9

� R‘lokd ‘ udqsdw uV tmhenqlkx ‘s q‘mcnl eqnl O ’vhsg qdok‘bdldms(-

� Enq sgd udqsdw uV+ bnlotsd VV 9;
+

n�
i�

ax cnhmf ‘ fq‘og rd‘qbg+ r‘x+ CER nq AER+ eqnl uV ‘mc

sqtmb‘shmf sgd rd‘qbg nmbd 1<ε udqshbdr ‘qd uhrhsdc-

2- Ntsots B̃ ; m<i ·
i

V6+ VV.

Hm nqcdq sn ‘m‘kxyd sghr ‘kfnqhsgl+ vd trd sgd enkknvhmf ‘cchshud u‘qh‘ms ne Bgdqmnff antmc1-

Nqnonrhshnm 3 ’:cchshud Bgdqmn� Antmc(fi Jds X+. X1. . . . . Xi ad i hmcdodmcdms qWmcnl uWqhWakdr vhsg
uWktdr hm W/. 0“ Wmc X ;


V XV- Sgdm) enq Wmx Z ≥ 0)

OqW}X � � WX “ } / Z“ ≤ 1 · dwo
(
�1Z

1

i

)
.

Vd mnv oqdrdms sgd oqnne ne bnqqdbsmdrr ‘mc qtmshld ‘m‘kxrhr ne sghr ‘kfnqhsgl-

1-. Npnne ne Anppdbsmdrr

=r hm sgd oqduhntr kdbstqd+ vd fiqrs bnlotsd sgd dwodbsdc u‘ktd ne sgd ntsots B̃+ ‘mc rgnv sg‘s hs hr bknrd sn
sgd cdrhqdc ‘mrvdq ‘mc sgdm antmc sgd oqna‘ahkhsx ne cduh‘shnm ne sghr q‘mcnl u‘qh‘akd eqnl hsr dwodbs‘shnm-

BkThl 4fi �
[
B̃
]
; B ′-

Oqnne- Ax khmd‘qhsx ne dwodbs‘shnm+ vd g‘ud+

�
[
B̃
]
;

m

i
·

i∑

V6+

� WVV“ ;
m

i
· i · � WV+“ ’‘r V+. . . . . Vi ‘qd hcdmshb‘kkx chrsqhatsdc(

; m · � WV+“ .

Vd b‘m bnlotsd � WV+“ ‘r enkknvr9

� WV+“ ;
∑

u∈N

Oq ’u hr bgnrdm ‘r u+( · � WV+ } u hr bgnrdm ‘r u+“ ;
0

m
·
∑

u∈N

0

r′u
;
0

m
· B ′.

vgdqd sgd rdbnmc sn k‘rs dpt‘khsx hr adb‘trd vgdm vd bgnnrd u hm sgd ‘kfnqhsgl ‘r u++ vd rds V+ ; +<n�
i+ ‘mc

sgd k‘rs dpt‘khsx hr ax sgd cdfimhshnm hm Bk‘hl 2- Sgd bk‘hl mnv enkknvr eqnl sgd ‘anud svn dpt‘shnmr-

Ax Bk‘hl 4 ’‘mc Bk‘hl 2(+ sgd ntsots hr vhsghm sgd cdrhqdc q‘mfd hm dwodbs‘shnm- Vd mnv trd Bgdqmnff
antmc sn antmc sgd oqna‘ahkhsx sg‘s hs ‘krn cduh‘sdr eqnl hsr dwodbs‘shnm ax ltbg-

BkThl 5fi Oq

}B̃ � B ′} ≤ ’ε<1( · m


≥ 0� �-

1Cs hr vnpsg ldmshnmhmf sgTs sgd antmcr nmd fds epnl ltishoihbTshud ;gdpmn� antmc hr TivTxr Ts idTrs Tr fnnc Tr sgd Tcchshud
udprhnm z vd sgtr nmix trd Tcchshud ;gdpmn� enp rhloihexhmf sgd bTibtiTshnmr vgdm onrrhaid,
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Oqnne- Cdfimd V 9;
i

V6+ VV- Mnsd sg‘s sghr v‘x B̃ ; m<i ·V ‘mc

� WV“ ;
i

m
· �

[
B̃
]
;

i

m
· B ′.

ax Bk‘hl 4- Lnqdnudq+

}B̃ � B ′} ≥ ε

1
· m ⇐⇒ }m

i
·V � m

i
· � WV“ } ≥ ε

1
· m ⇐⇒ }V � � WV“ } ≥ ε

1
· i.

Ehm‘kkx+ V hr ‘ rtl ne i hmcdodmcdms q‘mcnl u‘qh‘akdr VV”r vghbg ‘qd hm W/. 0“- Gdmbd+ vd b‘m ‘ookx sgd
‘cchshud Bgdqmnff antmc hm Oqnonrhshnm 3 vhsg o‘q‘ldsdq Z ; ε<1 · i ‘mc nas‘hm sg‘s+

Oq

}V � � WV“ } ≥ ε

1
· i


≤ 1 · dwo

(
�1 · ’ε<1(

1 · i1

i

)
; 1 · dwo

(
�ε1

1
· i

)

; 1 · dwo
(
�ε1

1
· 1
ε1

· km ’1<�(
)

≤ 1 · �<1 ; �. ’ax sgd bgnhbd ne i(

Sghr oqnudr sgd cdrhqdc bk‘hl-

Ax Bk‘hl 2 vd jmnv sg‘s B ′ hr bknrd sn B ’cdsdqlhmhrshb‘kkx( ‘mc ax Bk‘hl 5+ vd fds sg‘s B̃ hr bknrd sn B ′

vhsg oqna‘ahkhsx 0� �- Vd b‘m bnlahmd sgdrd svn snfdsgdq sn bnmbktcd sgd bnqqdbsmdrr ne sgd ‘kfnqhsgl-

IdllT 6fi Sgd ntsots B̃ ne sgd Wkfnqhsgl rWshr�dr Oq

}B̃ � B} ≤ ε · m


≥ 0� �-

Oqnne- Ax Bk‘hl 5+ vhsg oqna‘ahkhsx ‘s kd‘rs 0� �+ vd g‘ud+ }B̃ � B ′} ≤ ’ε<1( · m- Lnqdnudq+ ax Bk‘hl 2+ vd
g‘ud }B ′ � B} ≤ ’ε<1( · m ’cdsdqlhmhrshb‘kkx(- Gdmbd+ ax sqh‘mfkd hmdpt‘khsx+ vhsg oqna‘ahkhsx ‘s kd‘rs 0� �+

}B̃ � B} ≤ }B̃ � B ′}) }B ′ � B} ≤ ε

1
· m) ε

1
· m ; ε · m.

fim‘khyhmf sgd oqnne ne bnqqdbsmdrr ne sgd ‘kfnqhsgl-

1-1 Qtmshld :mWkvrhr

Fhudm uV+ bnlotshmf r′u� hm sgd ‘kfnqhsgl s‘jdr N’+<ε�( shld adb‘trd vd ‘qd fnhmf sn uhrhs nmkx 1<ε udqshbdr
eqnl uV ‘mc sgtr CER nq AER vhkk shld oqnonqshnm‘k sn sgd mtladq ne sgdrd udqshbdr oktr ‘kk dcfdr adsvddm
sgdl vghbg hr ‘s lnrs N’+<ε�(- =r rtbg+ sgd sns‘k qtmshld ne sgd ‘kfnqhsgl hr9

i ·N’ 0
ε1
( ;

0

ε1
· km ’1<�( ·N’ 0

ε1
( ; N’

0

ε3
· km ’0<�((.

PdlTqjfi Mnshbd sg‘s sghr ‘kfnqhsgl qtmr hm bnmrs‘ms shld ’hmcdodmcdms ne sgd rhyd ne sgd hmots fq‘og(
vgdmdudq ε ‘mc � ‘qd fiwdc bnmrs‘msr-

1-2 Anmbktchmf QdlWpir

Vd r‘v ‘m ‘kfnqhsgl enq drshl‘shmf sgd mtladq ne bnmmdbsdc bnlonmdmsr sn vhsghm ‘m ε ·m ‘cchshud ‘ooqnw,
hl‘shnm hm shld N’ +

ε2 · km ’0<�((- Sghr qdrtks v‘r fiqrs oqnudc ax Bg‘ydkkd+ Qtahmedkc+ ‘mc Sqduhr‘m hm W0“ vgn
trdc hs ‘r ‘ rtaqntshmd sn drshl‘sd sgd vdhfgs ne ‘ lhmhltl ro‘mmhmf sqdd hm ‘ fq‘og hm rtakhmd‘q shld-

Modm ptdrshnm: Sgd ‘kfnqhsgl vd chrbtrrdc cndr mns rddl sn nas‘hm noshl‘k antmcr ‘r ‘ etmbshnm ne ε. �- Hs
vntkc ad hmsdqdrshmf sn hmudrshf‘sd he sgdrd antmcr b‘m ad hloqnudc etqsgdq ‘mc.nq oqnud ‘ l‘sbghmf knvdq
antmc enq sghr oqnakdl2-

2ClonpsTms Insd. Nghr opnaidl lTx gTud TipdTcx addm rniudc Tmc T ihsdpTstpd rdTpbg hr sgd fiprs rsdo,
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