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True/False questions

For each of the following statements, circle T if the sentence is true or F otherwise.

1. (10 points)

(a)

(b)
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T [F]
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[T] F

[T] F
T [F]

The untyped lambda calculus can encode any computable function on the natural
numbers.

The simply-typed lambda calculus (not including fix) can encode any computable
function on the natural numbers.

The simply-typed lambda calculus (not including fix) with references can encode any
computable function on the natural numbers.

Featherweight Java can encode any computable function on the natural numbers.

If the preservation theorem is true for a language, removing a typing rule may cause
it to become untrue.

If the progress theorem is true for a language, removing a typing rule may cause it to
become untrue.

The only way to prove that the preservation theorem holds for a language is by
induction on the structure of the typing derivation.

For a given syntax and operational semantics, it is always possible to devise a set of
typing rules such that the preservation and progress theorems hold.

Featherweight Java has the uniqueness of types property.

The evaluation relation must be deterministic (i.e. for any term there should be only
way to evaluate it) to prove the progress theorem.

Grading scheme: Binary. 1 pt each.



Untyped lambda-calculus

The following questions refer to the untyped lambda-calculus. The syntax and evaluation rules for this system
are given on page 1 of the companion handout.

2. (12 points)

Consider the following definition of the multi-step evaluation relation, t —"t ’:

(@)

(b)

(©)

t —"t (EV-DONE)

t —t’ t—t”

EV-STEP
t —t” ( )

Is the multi-step evaluation relation a partial function? In other words, for any t does there exist
at most one t ' such thatt —" t ’? If yes, briefly say why. If no, give a counterexample.

Answer: No, because (AX. X) (Ay.y) —" (AX. X) and (AX. X) (Ay.y) — (AX. X) (Ay.y)

Grading scheme: 3 points. 1 point partial credit for answering no, but providing a wrong counter-
example.

For any t , does there exist af least one t ' such thatt —" t '? If yes, briefly say why. If no, give a
counterexample.

Answer: Yes, because the relation is reflexive. Grading scheme: 3 points. 1 point partial credit for an-
swering yes, but providing the wrong reason.

Show that the multi-step evaluation relation is transitive. In other words, prove thatift —"t’
andt’ —"t"” thent —"t . Be explicit about each step of the proof, but do not include any
irrelevant information.

Answer: Proof is by induction on the structure of the derivationt —"t .
o Case EV-DONE. In this case, t =t . Ast '—="t " by assumption, thent —" t .
o Case EV-STEP. In this caset — t 1 and t 1 —" t '. By induction t 1 —" t /. By EV-STEP,
t —"t”.

Grading scheme: 6 points total.



3. (10 points)
The following is yet another encoding of numbers in the untyped lambda calculus.
Sog=AZ. AS. Z
S1=AZ. AS. S Sy
S, =AZ. AS. S S;
S3=AZ. AS. $S»
In general, Sn,41 =AZ. AS. S S;,.

Below, circle the correct implementation of the following functions. Some of these implementations
use the following definitions from TAPL chapter 5:

pair =Af. As. Ab. bf s
fst =Ap. p (AX. Ay. X)
snd =Ap. p (AX. Ay. y)
fix=A. (A f (Ay. xyy)) (Ax. f (Ay. xXyvy))

(a) The successor function, where SSCC S;, =S 41.

i. AX. AZ. AS. XSz

ii. AX. Az. As. Xzs

iii. AX. Az. As. s X

iv. AX. AZ. As. s(Xz5S)
V. AX. AZ. AS. sX(Xz8s)

Answer: iii.

(b) The predecessor function, where sprd so =sp and sprd sn41 =Sn.
i AX. XSo (AY.y)
ii. AX. X (AY.y) (Az.2)
iii. AX. snd(x (pair soSo)) (Ap. pair (sndp) (sscc(sndp)))
iv. AX. fst (Ap. pair (sndp) (sscc(sndp))) (x(pair SoSo))
v. AX. fst (x(pair sposo)) (Ap. pair (sndp) (sscc(sndp)))

Answer: 1.

(c) The addition function, where spl US S, S = Snim.-

i. Am An. mn (Az. z)

ii. Am An. Az. As. m(nzs) s

iii. Am An. n m(AX. sscc)

iv. fix (Aplus. Am An. nm(plus (ssccn)))

v. Am An. fix (Aplus. nm(sscc (An. plus m(sprdn))))

Answer: iv.

Grading scheme: 3pts for a and b. 4 points for c.



4. (12 points) Circle the normal forms of the following untyped lambda calculus terms. If a term has
no normal form, circle NOTHING. Recall that the normal form of a term t is some term t ’ such that
t —"t’andt’ /.

(@) (Ax. Ay. xy) (Az. 2w w)

i AY. (Az. Aw w) y

ii. (AX. Ay. XVy) (Az. Aw. W)
iii. AX. X (AZ. AW. W)

iv. Ay. Aw. w

v. NOTHING

Answer: 1.

(b) (Ax. Ay. X) (AX. y)
i (AX. Ay. X) (AX. y)
ii. (AX. Ay. (AX. Yy))
iii. (Ay. AX. y)
iv. (Aw. AX. y)
v. NOTHING

Answer: iv.
() (M. (M. f (Ay. xxy)) (Ax. f (Ay. xxvy))) (Ag. g) (Ah.h)
(AL (A f(AY. xxy)) (Ax. T (Ay. xxVy))) (Ag. Q)
ii. Ah. h
iii. (AX. (Ag. Q) (AYy. xxy)) (AX. (Ag-Q) (Ay. xXxXVy))
iv. AX. (Ag. @) (Ay. xxVy)
v. NOTHING
Answer: .
(d) (Af. (AX. f (Ay. xxy)) (M. f (Ay. xxy))) (Ag. Ay. y) (Ah. h)
(AL (A (AY. xxy)) (AX. f (Ay. xxVy))) (Ag. Ay. V)
ii. Ah. h
iii. (AX. (AQ-AY.Y) (Ay. xxy)) (AX. (Ag. Ay. y) (AYy. X XVY))
iv. AX. (AgQ. AY.y) (Ay. X xVYy)
v. NOTHING
Answer: ii.
Grading scheme: 3 points each.



Simply typed lambda-calculus

The following questions refer to the simply typed lambda-calculus (with recursion and base type Bool ). The
syntax, typing, and evaluation rules for this system are given on page 2 of the companion handout.

We can define the big-step evaluation relation for the simply typed lambda-calculus with recursion
and booleans using the following rules:

vi{v (B-VALUE)
t AX:T.t t \ X = Vot Jv
14 24 v2 [ 2t 4 (B-ApP)
tita v
t true t v
4 2 ¥ (B-TIFTRUE)

iftiythent,elsets|v

t;fal se tzv
iftithentelsetsz v

(B-IFFALSE)

t UAX: Tq.t, X—=fix(AX: Ti.t)]t; v
fixt v

(B-FI1x)

Jen Kennings, an eager assistant professor thought that it would be really great if the following propo-
sition were true about these rules:

Proposition: If ) -t : T then there exists a v such thatt | vand - v :T.
5. (10 points)

(a) Unfortunately, this proposition is not true. Write down a counter-example where it fails. (i.e.,
find some closed, well typed term t such that either there is no v such thatt | v, or there is a
such a v, but it doesn’t type check with the same type.)

Answer: Any term that doesn’t terminate.
Grading scheme: 3 points. 1 point partial credit for any answer mentioning fix in any way.



(b) Not realizing that this proposition is false, professor Kennings started trying to prove it by in-
duction on the typing derivation. However, she made a serious mistake in one of the first three
cases, shown below. Briefly describe her error in one or two sentences. Note, professor Ken-
nings hasn’t yet attempted the cases for T-True, T-False, T-If or T-Fix, so those cases are not
shown.

Proposition: If ) -t : T then there exists a v such thatt | vand (v :T.

Proof: Proof is induction on the typing derivation ) -t : T.
Case T-VAR:  t=x x:Te€

This case is impossible as the context is assumed to be empty.

Case T-ABS:  t=AX:Tq.t> =T > T> X: Ti1Hta: T
This case is simple as Ax: Ty. t L Ax: Tq. t , by B-VALUE,and ) - Ax: T;. t ; : T by assumption.

Case T-APP: t=t t, PHtq: T =T Dty Ty
By induction, there exists a vq such thatt vy and 0 - vy : T1—=T.
Also by induction, there exists a v, such thatt ; J vy and @ v, : Ty.
By canonical forms, v is Ax: Ty. t 17 and by inversion of the typing relation, x: T1 Ft 17 : T.
By substitution, - [X — Vo]t 17 : T.
By induction, there exists a v such that [x — vt 17 vand@Fv:T.
Finally, by the evaluation rule B-APP, t ; t ; |} v and we’ve already shown that ) - v : T.
O

Note: In her proof attempt above, professor Kennings referred to the following lemmas about
the typed lambda-calculus with booleans and recursion. These lemmas are true, but she may or
may not have used them correctly.
LEMMA (INVERSION OF THE TYPING RELATION):
i fTHAX: Ti.t7:Rthen R=T1 =R, forsome R, with)x: T1 Ft ;7 : R;.
LEMMA (CANONICAL FORMS): If v is a value of type T1 — T, then v=Ax: Ty. t 5.
LEMMA (SUBSTITUTION): If[x: Skt :Tand'+s:SthenTF [x — s]t : T.

Answer: In the T-App case, the induction hypothesis does not apply to O & [x — vt 11 : T because it is
not a subderivation of the typing derivation.

Grading scheme: 7 points. 2 points partial credit for identifying the T-App case as the culprit. 2 points
deducted for insufficiently explicit answers.



Simply typed lambda-calculus with algorithmic subtyping

The following questions refer to the pure simply typed lambda-calculus with algorithmic subtyping (with just
Top—no booleans or records). The syntax, typing and evaluation rule this system are given on page 4 of the
companion handout.

6. (30 points)

The preservation theorem for the system with algorithmic typing can be stated as:

(@)

(b)

THEOREM (PRESERVATION): If Tkt : Tandt —t/'thenl"bt’':Swhereb S< T.

Unlike the system with declarative typing, we cannot state the preservation theorem for this
system as

Ifr'>t :Tandt —t’thenl»t/:T.

This version of the theorem is false. Demonstrate why with a counter-example (i.e. find some
term t that steps to some t ' that cannot be given the same type with the algorithmic typing
rules).

Answer: The term (AX: Top. X) (Ay: Top.y) must be given the type Top. However, it single-steps to
(Ay: Top. y) which has type Top—Top under the algorithmic typing rules.

Grading scheme: 5 points. No deduction for answers that weren’t technically in the language (involving
booleans or numbers). One point deducted for right idea, but example that doesn’t type check.

Complete a precise and detailed proof of the preservation theorem on the next page. This proof
is by induction on the evaluation relation t — t’. The case for E-APP1 has been done for you,
but you need to do the cases for E-APP2 and E-APPABS. Note that the system we are considering
in this problem, defined on page 4 of the handout, includes just Top and —; your proof need not
deal with other type constructors such as records. Do not include any extraneous information
(true or false) in your proof. If needed, you may refer [without proof] to the lemmas stated
below.

i. LEMMA (SUBTYPING RELATION INVERSION): If » S < T; =T, then S = S; — S; with
|"T1 < S] andl-b82<2 Tz.

ii. LEMMA (REFLEXIVITY OF SUBTYPING): » S< S.

iii. LEMMA (TRANSITIVITY OF SUBTYPING): If » S< Tandh T< Uthenh S< U.

iv. LEMMA (TYPING RELATION INVERSION):
A . IfTbt ty:TthenTht:Ty=sTand Tty :Toandb T, < Tyy.
B. IfTbAX:Tq.t2: TthenT=T;y =T and [ x: T1 b t,:Ts.

v. LEMMA (SUBSTITUTION): If Nx: Skt : Tand ' s : S’ withb S’ < SthenT b [x —
slt : T’ whereb T'< T.



THEOREM (PRESERVATION): If 't : Tandt —t'thenT b t’: Swhereb S< T.

Proof: By induction on the evaluation relation, t —t .

Case E-APPl: t =t t, tIZt{tz t1—>t{

By inversion of the typing relation, 't : Ty7—=Tand 't : Toand b T2 < Tyy.
By the induction hypothesis, ' t | : Sfor some b S< T;7—T.

By inversion of the subtyping relation, S=S; — S, whereb T11 < Sjandb S; < T.
By the transitivity of subtyping, b T, < S;.

By TA-Aprp, 'kt t,:S;, wherek S, < T as required.

Case E-APP2: t =v ity tI=V1té tz—)té

Answer:

By inversion, T vy : T =Tand Tt ;i Trand b T < Tog.

By induction, 't } : Sfor some b S< T,.

By transitivity, » S < Tyy.

By TA-APP, then T vyt 5 : T,

By reflexivity of subtyping, > T < T as required.

Grading scheme: Roughly 3 points per line. In particular, -3 for missing the use of reflexivity in the last
line or transitivity in the third line.

Case E-APPABS: t = (Ax: Tyy.t42) V2 t’'=X—valti2

Answer:

By inversion, Tl AX: T17.t12:S=Tand T vy i Trandb T, < S

By inversion again, I, X: T11 bt 12 : Tand S—T = T11—T. Note that this means that T, < Tyy.
By substitution, T' b [X +— VIt 12 : T whereb T' < T.

Grading scheme: Roughly 3 points per line. -2 for using the first inversion lemma incorrectly, and saying
that AX: T11. t 12 has type T11—T. We don’t know that the type of the argument is Tq1 until we use
inversion again.



Simply typed lambda-calculus with subtyping, records, and references

The following questions refer to the simply typed lambda-calculus with subtyping, records, and references (and
base types Nat , Bool , and Uni t ). The syntax, typing, and evaluation rules for this system are given on page 5
of the companion handout.

7. (9 points)

(a) List all syntactically different supertypes of { a: Top, b: Top}. Note: S and T are syntactically
different types if they are written differently, even though it may be the case that S<: T and
T<: S
Answer: There are six. { a: Top, b: Top}, {b: Top, a: Top},{a: Top}, {b: Top}, {} and Top.

Grading scheme: 1 point for 1-2 answers, 2 points for 3-4 answers, and 3 points for 5-6 answers.

(b) Is there an infinite descending chain in the subtype relation—that is, an infinite sequence of types
So, S1, etc. such that each S; 11 is a subtype of S;? Note: Trivial chains don’t count—each S; must
be different from all other types in the chain. If so, give an example. If not, describe why.
Answer: Yes, let Sp ={}

S ={a: Top}
S, ={a: Top, b: Top}

Grading scheme: 3 points. Partial credit for answering yes, but providing an incorrect example.

(c) Is there an infinite ascending chain in the subtype relation? Again, trivial chains don’t count—
each S; must be different from all other types in the chain.If so, give an example. If not, describe
why.

Answer: Yes, let To = Sp — Top, T1 =Sy — Top, etc.
Grading scheme: 3 points. Partial credit for answering yes, but providing an incorrect example.



8. (15 points)
What is the minimal (or principal) type of the following expressions in the simply-typed lambda-
calculus with subtyping, records and references? If a term does not type check, write NONE.

(a) Ax: (Ref Bool ) — Bool — Nat. x (ref true)
Answer: ( ( Ref Bool ) — Bool — Nat) — Bool — Nat

(b) (Ax:{a: Ref Top}. x) {a=ref (Ay: Top. y)}
Answer: NONE

(c) (Ax:{a: Nat}—>Top. x{a=2}) (Ay:{a: Top}. y.a)
Answer: Top

(d) if true then Ax:Ref Top. { y={b=!x}, d=!x }
el se Ax: Ref Top. { y={a=2, b=3} }
Answer: (Ref Top) — {y: {b: Top}}

(e) if true then Ax:Ref Top. !x
el se Ax:Nat. x

Answer: Top

Grading scheme: 3 points each. No partial credit for missing parens around the function argument in part (a).

10



Featherweight Java

The following questions refer to the Featherweight Java language. The syntax, typing, and evaluation rules for
this system are given on page 9 of the companion handout.

. (12 points)

Consider extending Featherweight Java with functional field update. Functional field update allows
programmers to easily create new objects that differ from existing objects only in the value of a single
field.

We formalize this extension by adding one new expression form to the syntax of FJ:

to= ...
t.f <=t functional field update

The computation rule for functional field update returns a new object where the value of field f ; has
been replaced with the new value v'.

fields(C) =Cf
newC(vqy, ..., vn).fi<=v/  — newC(vy, ..., Vi 1, V), Vig1, .., Vn)

(E-UPDATE)

The two congruence rules specify the order of evaluation.
t{ —t {

(E-UPDATE-RECV)
tq.f <=t2—>t1.f <=t

t, —t é
(E-UPDATE-ARG)

v.f<=t, —v.f <=t}
For example, given the following class table
class A extends hject {
hj ect x;
hj ect y;
hj ect z;
}

class B extends hject {

}

A possible evaluation sequence is:
(newA(newbj ect (), newObject (), newObject()).y<=newB()).y
— newA(newQbj ect (), newB(), newOhject()).y

— newB()

11



(a) Fill in the preconditions of the typing rule for functional field update so that the above exam-
ple type checks and the preservation and progress theorems of FJ still hold. Furthermore, the
type C must be the minimal type for the expression. (You do not need to do any proofs of these
properties.)

Answer: THt : C fields(C) =Cf FHti: Ty T, < G

(T-UPDATE)

NEt.fi<=t;:C

Answer: Also possible to replace fi el ds(C) =Cf withTHt.f:C
Grading scheme: 2pts per premise. -3 for common error, =1t . C
(b) Recall the statement of the progress theorem for FJ:

THEOREM (PROGRESS): Suppose t is a closed, well-typed normal form. Then either
(1)t is a value, or (2) for some evaluation context E, we can expresst as E[( C) (newD(V) )|,
with D& C.

This theorem relies on the following definition of evaluation contexts for FJ.

Eu=

[
Ef

En(t)

v.mV, E 1)

newC(Vv, E, T)

(OE
What new evaluation contexts are required for functional field update?
Answer: E. f <=t andv.f <=E

Grading scheme: 2 pts per answer

12



Companion handout

Full definitions of the systems
used in the exam



Untyped lambda-calculus

Syntax
t == terms
X variable
AX. t abstraction
tt application
vV o= values
AX. t abstraction value
Evaluation t —t’
t, —t {
- (E-ArP1)
t{t, —t 4 to
t, —t}
2772 (E-APP2)
Vit, — vyt é
(AX.t12) Vo — X = valtq2 (E-APPABS)



Simply typed lambda calculus (with Bool and recursion)

Syntax
t o= terms
true constant true
fal se constant false
iftthent elset conditional
X variable
AX: Tt abstraction
tt application
fixt fixed point of t
v o= values
true true value
fal se false value
AX:T. t abstraction value
T o= types
Bool type of booleans
T-T type of functions
I o= contexts
0 empty context
rx: T term variable binding

Evaluation

iftruethent,elset; —t> (E-IFTRUE)
if falsethent,elset; —t3 (E-IFFALSE)
14 —)t{
. : (E-IF)
iftithent,elsets —iftjthent,elset;
tq —>t{
_ (E-AprP1)
t1t2—)t;t2
t, —t}
22 (E-APP2)
V]'[z—)V]té
(AX: Ti7.t12) V2 — X > Vo]t 12 (E-APPABS)
fix(AX:Ty.t2) — Xe=fix (AT t2)]ts (E-FIXBETA)
14 —)t{
(E-FI1x)

fixt; —fixt]



Typing
I'Htrue . Bool

I'f al se . Bool

'kt ¢ Bool Mt T Mts

l'Fiftithentselsets: T

x:TeTl
'eEx: T
Ix:TikFty: Ty
FrEAMX:T .ty T1—oT,

rFt]:T]]—ﬂ-]z rth:T]]

FEtyta: T2

ety T =T,
FeEfixty: Ty

(T-TRUE)
(T-FALSE)

(T-IF)
(T-VAR)
(T-ABS)
(T-APP)

(T-F1x)



Pure simply typed lambda calculus with subtyping (no records) — algorithmic rules

Syntax
t =
X
AX: Tt
tt
VvV =
AX:T.t
T ==
Top
T-—-T
[ o=
0
Mx: T
Evaluation
Algorithmic subtyping
Algorithmic typing

t]—>t{
t1t2—>t{t2

tz—)té
V]'[z—)V]té

(AX: Ti7.t12) V2 — X > Vo]t 12

bS< Top

bT < $ S < T,
|‘>S1—>Sz<: T]—>T2

x:Terl
Fex:. T
X Tibty: Ty
T AX:Ti.t2: T1—=T2

Ftq,: Ty T =T11—T12
Fty: Ty T < Tij

'btity: Ti2

terms
variable
abstraction
application

values
abstraction value

types
maximum type
type of functions

contexts

empty context
term variable binding

t —t’

(E-APP1)

(E-APP2)

(E-APPABS)

(SA-ToP)

(SA-ARROW)

(TA-APP)



Simply typed lambda calculus with subtyping

(and records, references, recursion, booleans, numbers)

AX: Tt

tt

{| =t iez..n}
t. |

unit

ref t

It

true

fal se
iftthent elset
0

succt

predt

iszerot

let x=tint
fixt

AX: Tt

{| i=Vi ‘161..n}
uni t

1

true

fal se

nv

{I l Ti. ‘161..'1}
Top

T-—T

Uni t

Ref T

Bool

Nat

1T
x
—

terms
variable
abstraction
application
record
projection
constant uni t
reference creation
dereference
assignment
store location
constant true
constant false
conditional
constant zero
successor
predecessor
zero test
let binding
fixed point of t

values
abstraction value
record value
constant uni t
store location
true value
false value
numeric value

types
type of records
maximum type
type of functions
unit type
type of reference cells
type of booleans
type of natural numbers

contexts
empty context
term variable binding

stores
empty store



wl=v
Y ou=

)

LT
nv =

0

succ nv
Evaluation

tylp—tqlp

titofpu—tityp

tolp—tslp

Vitalp— vyt
(AX:Tiq.t12) Vol — X = valt 12| 1
{| i=Vi iE1"“}. | j‘ }l—)Vj| i

tilp—tilu

ty. llp—tf. 1
tilp — iy
{1 i=vy ] i=t 5, | =ty ¥} u

{1 i=v; 1€ ] j=t j/’ | =ty ketn}| w

L ¢ dom(p)
ref vilu—1|(y, l—=vy)

tilp—ty |y

refty|p—ref ty|p

w(l) =v
Mfp—vip

tilp—t |y

Pty fp—tty
L=vy|pu—unit |[l—valu

tilp—tylp

t1Z=t2‘p—>t1Z=t2|u/

tolpu—ts|y

Viistylp—vyi=th |y
iftruethent,elsetzlp—tylu
if falsethentelsetslu—tslu

tilp—tilp

iftithent,elsetzjp—iftjthent,elsets|p’

6

location binding

store typings
empty store typing
location typing

numeric values
zero value
successor value

\t lp—t [

(E-APP1)

(E-APP2)

(E-APPABS)
(E-PROJRCD)

(E-PROY)

(E-RcD)

(E-REFV)

(E-REF)

(E-DEREFLOC)

(E-DEREF)
(E-ASSIGN)

(E-ASSIGN1)

(E-ASSIGN2)

(E-IFTRUE)
(E-IFFALSE)

(E-IF)



tilp—tilu

(E-Succ)
succtqlp— succtqlp’
predOjpu— 0| (E-PREDZERO)
pred(succnvy)|p—nvylp (E-PREDSUCC)
t —tu
1lu " (E-PRED)
predt{|p—predtqlp
iszeroOlpu—true|lp (E-ISZEROZERO)
i szero(succnvy)|p—falseln (E-IsZEROSUCC)
t —t
: e tile (E-ISZERO)
iszerotqp—iszerotj|p’
let x=vyjintylu— [X—=viltalpn (E-LETV)
t —t
1lu e (E-LET)

let x=tjintylu—let x=tjint, p

fix(Ax:Ti.t2)

X (Fix (AT t2)) ]t 2] 1 (E-FIXBETA)

tylp—tqlp

- . (E-F1x)
fixtylp—fixtilp

Subtyping

S< S (S-REFL)
sS< U u< T
(S-TRANS)
S< T
S< Top (5-Top)
1< S S<T
] 1 2 2 (S-ARROW)
S]—>SZ < T1—>T2
{1 Tyretnevl < {0 Ty €} (S-RCDWIDTH)

foreachi S;< T;
{l 1 S‘L iEl..r\} < {l 1 T‘L iEl..r\}

(S-RCDDEPTH)

{kj: S5 7"} is a permutation of { | ;: T; <"}
{kj: S itn} < {1 Ty et}

(S-RCDPERM)



Typing M-t : T

foreachi T|ZFty: Ty

T-RcD
MIE{l=ty e}y {1 Ty ey ( )
Mkt {Ig Tyt
| 1 { i i } (T-PRO])
MEIFtq. 150 T
x:Terl
- (T-VAR)
MNIkEx: T
Ix:T| 2kt T
1] 20 T2 (T-ABs)
MNIEAX:Ti.t2: T1—=T>
MNIkty: T1—=T MNIkFt,: T
\ 1 1n1—Tiz \ 2 11 (T-APP)
MNXktyty: T2
Nkt : S S< T
: (T-SuB)
MNIkEt: T
MXFunit: Unit (T-UNIT)
(=T
(T-LoC)
NkE1: Ref Tq
MNkt;: T,
(T-REF)
MNxkref t;: Ref Ty
FlZFtﬁ Ref T1q
(T-DEREF)
MkElt;: Ty
MNXIkHt;: Ref T MXkEt,: T
| 1 11 \ Fta: T (T-ASSIGN)
MNktq:=t,: Unit
I'Zt+true: Bool (T-TRUE)
N z+false: Bool (T-FALSE)
'kt : Bool MXkt,: T MIktsz: T
i (T-IF)
rNk-iftythent,elset;: T
I Z+HO0: Nat (T-ZERO)
' XZktq: Nat
(T-Succ)
' ZtFsucctq . Nat
IM'Zkt;: Nat
(T-PRED)
N Xkpredt;: Nat
IM'Zkt;: Nat
- (T-ISZERO)
I''X+iszerot; . Bool
MNkHt,: T Ix:Ti Xty T
| 1 1 : 1l 2. T (T-LET)
MNklet x=t7inty: T,
MNk-t,: T1—-T;
(T-F1x)

MN-fixt;: T,



Featherweight Java

Syntax

CL := class declarations
cl ass Cextends C{Cf; KM

K = constructor declarations

C(CT) {super(f); this.f=f;}

M = method declarations
Cm(CX) {returnt;}

t o= terms
X variable
t.f field access
t.mt) method invocation
newC(t) object creation
(Ot cast
vV o= values
newC( V) object creation
Subtyping C<:D
c< C
C< D D< E
C< E
CT(C) =cl ass Cextends D{. ..}
C< D
Field lookup fields(C) =Cf

fields(Qbj ect ) = o
CT(C) =cl ass Cextends D{Cf; KM
fields(D) = Dg
fields(C) =Dg, CT.

Method type lookup mtype(m C) = C—C

CT(C) =cl ass Cextends D{Cf; KM
Bm(BX) {returnt;} eM

mtype(m C) = B—B

CT(C) =cl ass Cextends D{Cf; KM
mis not defined in M

mtype(m C) = mtype(m D)

Method body lookup mbody(m C) = (X,t)




CT(C) =cl ass Cextends D{Cf; KM
Bm(BX) {returnt;} eM
mbody(m C) = (X, t)

CT(C) =cl ass Cextends D{Cf; KM
mis not defined in M
mbody(m C) = mbody(m D)

Valid method overriding

mtype(m D) = D—Dy implies C=Dand Cy = Dy
override(m D, C—Cy)

Evaluation
fields(C) =Cf
(newC(Vv)).f{ — vy

mbody(m C) = (X,t o)

‘override( m D, C—GCy) ‘

(newC(Vv)).mu) — X—TUu,this—newC(V)]t,

C< D
(D) (newC(V)) — newC(V)

to%té
to.f —>t6f

to%té
to. M) —t} mt)
tiﬁti’

Vo.MV, ty, T)
— Vo.MV, t/, T)

i1

tiﬁti’
newC(v, ti, )
— newC(v, t{, T)

to%té
(Qto—(OQtyg

Term typing
x:Ce'l
'ex: C

lto: G fields(Cy) = CF
Nto.fil G
'to: G
mtype(m Co) = DC
r-t:.cC C<: D
FFto.m(T): C

10

t —t’

(E-PROJNEW)

(E-INVKNEW)

(E-CASTNEW)

(E-FIELD)

(E-INVK-RECV)

(E-INVK-ARG)

(E-NEW-ARG)

(E-CAsT)

r-t:. cC

(T-VAR)

(T-FIELD)

(T-INVK)



Method typing

Class typing

fields(C) =DFf
r-t: ¢ ©¢C< D
'-newC(t) : C

N'Fto: D D<: C
FF(Oto: C

l-to: D C<:D C#D
r-(Qto: C
l-to: D C& D D% C
stupid warning
r-(Qto: C

Xx:Cthis:Ckty: Ep Eo<: G
CT(C) =class Cextends D{...}
override(m D, C—Cy)

Com(CX) {returnty;} KinC

K= C(Dg, Cf) {super(Q); this.f=F;}
fields(D) =D MOKinC

cl ass Cextends D{Cf; KM K

11

(T-NEW)

(T-UCAST)

(T-DCAST)

(T-SCAST)

MCKinC



