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Announcements

�Homework5willbepostedtoday–dueinoneweek.

�Normalofficehours/recitationschedule.

�Nogooddateformidterm.Lookslike12/201:30-3:30isthebest.
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Midterm1results

�Didyouloseawatch?

�PickupexamsfromCherylHickey.

�Statistics

�Maxscore:78

�Minscore:24

�Average:57

�Median:60

�Stddev:12

�Regradepolicy:Mustsubmitrequesttomeinwritingwithin2weeks(by

Nov1).
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ExtraCredit

Coursegradescanbeimprovedafterthesemesterendsintwoways:

1.A1/3lettergradeimprovementcanbeobtainedbydoingasubstantial

extracreditproject(∼30hourswork)duringtheSpringsemester.

2.Largergradeimprovementscan(only)beobtainedbysittinginonthe

coursenextyearandturninginallhomeworksandexams.
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Plansfortoday

�Simply-typedlambda-calculus

�Extensionsofthosesimpletypes

�Connectiontountypedcalculus

�Connectiontologic
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TheSimplyTypedLambda-Calculus
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Lambda-calculuswithbooleans

t::=terms

xvariable

λx:T.tabstraction

ttapplication

trueconstanttrue

falseconstantfalse

iftthentelsetconditional

v::=values

λx.tabstractionvalue

truetruevalue

falsefalsevalue

T::=types

Booltypeofbooleans

T→Ttypesoffunctions

CIS500,18October7

'

&

$

%

OperationalSemantics

(λx:T.t12)v2−→[x7→v2]t12(E-AppAbs)

iftruethent2elset3−→t2(E-IfTrue)

iffalsethent2elset3−→t3(E-IfFalse)

t1−→t
′

1

t1t2−→t
′

1t2

(E-App1)

t2−→t
′

2

v1t2−→v1t
′

2

(E-App2)

t1−→t
′

1

ift1thent2elset3−→ift
′

1thent2elset3

(E-If)
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Typingrules

Γ`true:Bool(T-True)

Γ`false:Bool(T-False)

Γ`t1:BoolΓ`t2:TΓ`t3:T

Γ`ift1thent2elset3:T
(T-If)

x:T∈Γ

Γ`x:T
(T-Var)

Γ,x:T1`t2:T2

Γ`λx:T1.t2:T1→T2

(T-Abs)

Γ`t1:T11→T12Γ`t2:T11

Γ`t1t2:T12

(T-App)
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Propertiesofλ→

Asbefore,thefundamentalpropertyofthetypesystemwehavejustdefinedis

soundnesswithrespecttotheoperationalsemantics.

1.Progress:Aclosed,well-typedtermisnotstuck

If`t:T,theneithertisavalueorelset−→t
′
forsomet

′
.

2.Preservation:Typesarepreservedbyone-stepevaluation

IfΓ`t:Tandt−→t
′
,thenΓ`t

′
:T.
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ProvingPreservation

Theorem:IfΓ`t:Tandt−→t
′
,thenΓ`t

′
:T.

Proof:Byinduction

ontypingderivations.

[Whichcaseisthehardone?]

CaseT-App:Givent=t1t2

Γ`t1:T11→T12

Γ`t2:T11

T=T12

ShowΓ`t
′
:T12

Bytheinversionlemmaforevaluation,therearethreesubcases...

Subcase:t1=λx:T11.t12

t2avaluev2

t
′

=[x7→v2]t12

Uhoh.
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The“SubstitutionLemma”

Lemma:Typesarepreservedundersubstitition.

IfΓ,x:S`t:TandΓ`s:S,thenΓ`[x7→s]t:T.

Proof:...
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Ontorealprogramminglanguages...
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TheUnittype

t::=...terms

unitconstantunit

v::=...values

unitconstantunit

T::=...types

Unitunittype

NewtypingrulesΓ`t:T

Γ`unit:Unit(T-Unit)
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Sequencing

t::=...terms

t1;t2

t1−→t
′

1

t1;t2−→t
′

1;t2

(E-Seq)

unit;t2−→t2(E-SeqNext)

Γ`t1:UnitΓ`t2:T2

Γ`t1;t2:T2

(T-Seq)
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Derivedforms

�Syntaticsugar

�Internallanguagevs.external(surface)language
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Sequencingasaderivedform

t1;t2

def

=(λx:Unit.t2)t1

wherex/∈FV(t2)
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Equivalenceofthetwodefinitions

�t−→Et
′
iffe(t)−→Ie(t

′
)

�Γ`
E
t:TiffΓ`

I
e(t):T

CIS500,18October18

'

&

$

%

Ascription

Newsyntacticforms

t::=...terms

tasTascription

Newevaluationrulest−→t
′

v1asT−→v1(E-Ascribe)

t1−→t
′

1

t1asT−→t
′

1asT
(E-Ascribe1)

NewtypingrulesΓ`t:T

Γ`t1:T

Γ`t1asT:T
(T-Ascribe)
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Ascriptionasaderivedform

tasT
def

=(λx:T.x)t
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Let-bindings

Newsyntacticforms

t::=...terms

letx=tintletbinding

Newevaluationrulest−→t
′

letx=v1int2−→[x7→v1]t2(E-LetV)

t1−→t
′

1

letx=t1int2−→letx=t
′

1int2

(E-Let)

NewtypingrulesΓ`t:T

Γ`t1:T1Γ,x:T1`t2:T2

Γ`letx=t1int2:T2

(T-Let)
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Pairs

t::=...terms

{t,t}pair

t.1firstprojection

t.2secondprojection

v::=...values

{v,v}pairvalue

T::=...types

T1×T2producttype
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Evaluationrulesforpairs

{v1,v2}.1−→v1(E-PairBeta1)

{v1,v2}.2−→v2(E-PairBeta2)

t1−→t
′

1

t1.1−→t
′

1.1
(E-Proj1)

t1−→t
′

1

t1.2−→t
′

1.2
(E-Proj2)

t1−→t
′

1

{t1,t2}−→{t
′

1,t2}
(E-Pair1)

t2−→t
′

2

{v1,t2}−→{v1,t
′

2}
(E-Pair2)
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Typingrulesforpairs

Γ`t1:T1Γ`t2:T2

Γ`{t1,t2}:T1×T2

(T-Pair)

Γ`t1:T11×T12

Γ`t1.1:T11

(T-Proj1)

Γ`t1:T11×T12

Γ`t1.2:T12

(T-Proj2)
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Tuples

t::=...terms

{ti
i∈1..n

}tuple

t.iprojection

v::=...values

{vi
i∈1..n

}tuplevalue

T::=...types

{Ti
i∈1..n

}tupletype
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Evaluationrulesfortuples

{vi
i∈1..n

}.j−→vj(E-ProjTuple)

t1−→t
′

1

t1.i−→t
′

1.i
(E-Proj)

tj−→t
′

j

{vi
i∈1..j−1

,tj,tk
k∈j+1..n

}

−→{vi
i∈1..j−1

,t
′

j,tk
k∈j+1..n

}

(E-Tuple)
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Typingrulesfortuples

foreachiΓ`ti:Ti

Γ`{ti
i∈1..n

}:{Ti
i∈1..n

}
(T-Tuple)

Γ`t1:{Ti
i∈1..n

}

Γ`t1.j:Tj

(T-Proj)
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Records

t::=...terms

{li=ti
i∈1..n

}record

t.lprojection

v::=...values

{li=vi
i∈1..n

}recordvalue

T::=...types

{li:Ti
i∈1..n

}typeofrecords
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Evaluationrulesforrecords

{li=vi
i∈1..n

}.lj−→vj(E-ProjRcd)

t1−→t
′

1

t1.l−→t
′

1.l
(E-Proj)

tj−→t
′

j

{li=vi
i∈1..j−1

,lj=tj,lk=tk
k∈j+1..n

}

−→{li=vi
i∈1..j−1

,lj=t
′

j,lk=tk
k∈j+1..n

}

(E-Rcd)
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Typingrulesforrecords

foreachiΓ`ti:Ti

Γ`{li=ti
i∈1..n

}:{li:Ti
i∈1..n

}
(T-Rcd)

Γ`t1:{li:Ti
i∈1..n

}

Γ`t1.lj:Tj

(T-Proj)
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Introvs.elimforms

Anintroductionformforagiventypegivesusawayofconstructingelements

ofthistype.

Aneliminationformforatypegivesusawayofusingelementsofthistype.

Whattypingrulesareintroductionforms?Whatareeliminationforms?
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Connectionwithuntypedlambdacalculus
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Erasure

erase(x)=x

erase(λx:T1.t2)=λx.erase(t2)

erase(t1t2)=erase(t1)erase(t2)

Theorem:

1.Ift−→t
′
thenerase(t)−→erase(t

′
).

2.Iferase(t)−→m
′
,thenthereisasimplytypedtermt

′
suchthatt−→t

′

anderase(t
′
)=m

′
.
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Typability

Anuntypedλ-termmissaidtobetypableifthereissometermtinthesimply

typedlambda-calculus,sometypeT,andsomecontextΓsuchthat

erase(t)=mandΓ`t:T.

Cf.typereconstructioninOCaml.
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ConnectiontoLogic
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TheCurry-HowardCorrespondence

Inconstructivelogics,aproofofPmustprovideevidenceforP.

�“lawoftheexcludedmiddle”—P∨¬P—notrecognized.

AproofofP∧QisapairofevidenceforPandevidenceforQ.

AproofofP⊃QisaprocedurefortransformingevidenceforPintoevidence

forQ.
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PropositionsasTypes

LogicProgramminglanguages

propositionstypes

propositionP⊃QtypeP→Q

propositionP∧QtypeP×Q

propositiontruetypeunit

proofofpropositionPtermtoftypeP

propositionPisprovabletypePisinhabited(bysometerm)

proofsimplificationevaluation

(a.k.a.“cutelimination”)
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