ESE3700: Circuit-Level Modeling, Design,
and Optimization for Digital Systems

Lec 13: March 24, 2025
Distributed RC Wire and Elmore Delay

Penn



Today

0 Estimate delay in RC Network

= Elmore delay calculation
a0 Apply to wire delay

0 Apply to pass transistor circuits

a Apply to CMOS gates
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Distributed RC (setup)

Penn



What 1s response? (Preclass 1)

1000
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What 1s response? (Preclass 1)

1000 1000

Penn ESE 3700 Spring 2025 - Li



What 1s response? (Preclass 1)

1000

\ AVAVAV
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SPICE Response

Step Response
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SPICE Resp()nse

Step Response
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Intuition

0 Look at series of R’s on path
= Must move Q=V(2C) across each R

Step Response
1

0.9 /// ’,...-,W-—“*“'““'“" o
0.8 .
0.7 / r
0.6 // j"‘ll
1000 1000 - 05 S

A A AN 0.4 -ff

\\/ \\/ ‘ \v/. \/ \\/ 03 !‘,.
0.2 | ii rc
0.1 ...,:' 2r2c
o I [C_IC

0 1e-02e-08e-09e-0%9e-08e-09e-08e-09e-09e-08

N ~Ip s

/‘\\\ /\
\ - ///
i +
@
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Elmore Delay: Distributed RC network

0 The delay from source s to node 5

= N = number of nodes in circuit
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FElmore Delay: Distributed RC network

0 The delay from source s to node 5

= N = number of nodes in circuit

R = Z R; = (R; € [path(s - 5) N path(s - k)])

N
Tps = Z Cr Rsi
k=1
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FElmore Delay: Distributed RC network

0 The delay from source s to node 5

= N = number of nodes in circuit

R = Z R; = (R; € [path(s - 5)n path(s - k)])

N
Tps = Z Cr Rsi
k=1
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FElmore Delay: Distributed RC network

0 The delay from source s to node 5

= N = number of nodes in circuit
k=4

Ry, = ZR]- = (Rj € [path(s - 5) N @(s - @

N
Tps = Z Cr Rsi
k=1
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FElmore Delay: Distributed RC network

0 The delay from source s to node 5

= N = number of nodes in circuit
k=4

Ry, = ZR]- = (R; €[path(s - 5) N @(s - @

N
Tps = Z Cr Rsi
k=1
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Elmore Delay: Distributed RC network

0 The delay from source s to node 5

= N = number of nodes in circuit
k=4

Ry, = ZR]- = (R; €[path(s - 5) N @(s - @

N
Tps = Z Cr Rsi
k=1
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FElmore Delay: Distributed RC network

0 The delay from source s to node 5

= N = number of nodes in circuit

R = Z R; = (R; € [path(s - 5) N path(s - k)])

N
Tps = z Cx Rsg
k=1
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FElmore Delay: Distributed RC network

0 The delay from source s to node 5

= N = number of nodes in circuit

R = Z R; = (R; € [path(s - 5)n path(s - k)])

N
Tps = z Cx Rsg
k=1
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Elmore Delay: Practice

0 The delay from source s to node O

= N = number of nodes in circuit

Roy = Z R; = (R; € [path(s — 0) Npath(s - k)])

N AN
Tpo = z CkRok —
k=1

1000 1000

E
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Previously: Equivalent RC

/B
W=1
e 1
1
W=1
L=1
W=1
\_‘ |: L=1 W=1
L=1
LT
v |
B
Ron Ron
’7/\\\//\ \\/ / \\ . /\\\\\1// \\\/ /\\\\/7
TN 2Co+3Cqito
‘ e - 2C0+ 2Cdiﬁ‘O
-
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What 1s response?

/b /c

U
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Elmore Delay: Practice (preclass 1)

a The delay from source s to node 7

= N = number of nodes in circuit

R, = ERJ. = (R, €[ path(s — 1) path(s — k)))

R g
Tp = E C. Ry T
k=1
1000 . 1000 B
EnE +::l p ~_1p
f 4
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Apply (preclass 1)

0 What is Elmore delay?
n S27

S 1000

ES

(D)

I:
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SPICE Response

Step Response

Penn ESE 3700 Spring 2025 - Li

1000
—AAA—
—p
C3
1000 1000
VR
(L) 4 —1p
N C1 C2
1000 1000
) o Ip Ip
\\\\‘ V///




Elmore Delay: Special LLadder Case

0 For each resistor C,1n path

= Compute R;, = sum of all Rs upstream of C,

I
# @
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Elmore Delay: Special LLadder Case

0 For each resistor C,1n path

= Compute R;, = sum of all Rs upstream of C,

N k N
Ty = ;Cklej - ;CkRkk
R _

Ci*(R)+C*(RtRy)

1000 1000

I
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Elmore Delay: Special LLadder Case

0 For each resistor C,1n path

= Compute R;, = sum of all Rs upstream of C,

N k N
Ty = ;Cklej - ;CkRkk
R _

*MR V+C.*(R. +

1000 o C*R)+C*(R+Ry)
o —3RC
Iy Ip =3ns

e
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Compare KCL: Setup

0 Equations from KCL?

@Vy: %M NV, o d

R, R, dt
V-V dV.
@V . —= = C, —=
2* R, dt
1000 View Vs
®
R1 R2
| o o
T C1 C2
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Compare KCL: Math
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Compare KCL: Math

V.=V, 1+ﬁ —ﬁVQH’?lClﬁ
R,] R, dt
2
V, = (V +R,C, dV) 1+£ RV+RC av, R2C2—d ‘2/2
dt R,) R, dt dt
V.=V, +|R,C, 1+R +R,C, v, —2+RC,R,C,—= 4V,
R, dt dt’
d’v,

V.=V, +(R,C, + R, +RC) +RCRC -
dt [
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Compare KCL: Math

R =R, =R
C,=C,=C

Vo=V, +(R,C,+RC,+RC))—= av, 2+ RC,R,C, ddV
dt t

V.=V, +3RCY2 L R Czd %

dt dt’
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Compare KCL: Math

R1=R2=R
C1=C2=C
V, =V, +(RC,+RC, +RC)I2 L RCR,C, ddV
dt t*
V V+3Rcd_V+R CZd‘zlz
dt dt

V2 = A(l + e_at> —
VS = A(l + 6_0”) —3RC-alAe ™™ + R2C2 . a2Ae—at
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Compare KCL: Math

V2 =A(1+€_at)%
V.=A(l+e ™)=-3RC-alAe™™ +R°C* -’ Ae™™
t=OO%V2 =VS =A
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Compare KCL: Math

V2 =A(1+€_at)%
V.=A(l+e ™)=-3RC-alAe™™ +R°C* -’ Ae™™
t=OO%V2 =VS =A

V,=V,(1+e*)-3RC-aV,e ™ +R’C*-a’V,e™
O=e“-3RC-ae™ +R°C*-a’e™
O=e“(1-3RCa+R°C* )
0=1-3RCa+R°C*-a’
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Compare KCL: Math

V, =Vy(l+e™) ) .t

0=1-3RCa+R°C*-a* =

_3RC=\J9(RCY ~4(RC) _3RC=\5RC _3x\5
2(RCY’ 2(RC)*  2RC

2

31\/3

RC =2.6RC

—> T =
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Compare KCL: Math

1000

V,=V.(1+e™™)

T |
0=1-3RCa+R°C* & —

_3RC=9(RC)* ~4(RC)’ 3RC=+SRC 345
2(RC)’ 2(RC)’ 2RC

04

2

31\/5

RC =2.6RC

—> T =

=3RC
=3ns
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FElmore Delay: Distributed RC network

a The delay from source to node 7

= N = number of nodes in circuit

R, = ERJ. = (R, €[ path(s — 1) path(s — k)))

N
Tpi = ECkRik
k=1

0 Special ladder case

N k N
Ty = ;CkEIRj - ;CkRkk
o e _
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Wire Delay

Penn



- Wire Resistance

100u
1lum IA/ R=%
«—> TO. 111«
/1um o 107Q-m-100um _ o
lum-1um
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Wire Capacitance

___________________________________________________________________

dielectric material

_______

~metal plate
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Wire as Distributed RC Ladder

0 Measure wire length 1n units
[ Say 7L
s Fach A unit has C

= Unit capacitance and resistance of wire of length A

units Runit

Rumt Runlt Rumt Runlt Rumt

T
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Wire Delay

0 Delay of Wire N units long:

Runit Runit Runit Runit Runit

NN\
%Lunit %\mit %unit :JLunit —Cunit
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Wire Delay

0 Delay of Wire N units long:
RunitCunit

Runit Runit Runit Runit Runit

NN\
%Lunit %\mit ﬁgnit :JLunit —Cunit
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Wire Delay

0 Delay of Wire N units long:
RunitCunit
+ 2R ,;:.C

unit “—unit

Runit Runit Runit Runit Runit

Cunit

N/ N\ V'V AVAVAY s
%Lunit iLunit ﬁL\mit %unit =
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Wire Delay

0 Delay of Wire N units long:
RinitC

unit “—unit

+ 2R .;;C

unit “—unit

+ SR unic " Cunie T -+ FNR5:Copnie
— (Runit*cunit>*<N+ <N‘1> + (N‘2> +. ... 1)

Rumt Runlt Rumt Runit Runit

AVAN NN AVAVAV e
:*%u :%u :%u nit —Cunit
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Sum of integers (preclass 2)

0 What’s the sum of the integer 1 to N?

Si-

N
k=0
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Sum of integers

a0 What’s the sum of the integer 1 to N?

Py ——

ik_N(NH)NN2
2 2

k=0
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Wire Delay (preclass 3)

0 Delay of Wire N units long:
Runie " (N*Cunie)
Runie((N-D)*Coinie
Rini*IN-2)*Cie + -+ Ry Ci
—(Rumt*Cumt)*(N-l-N—l +N-2+....1)
~=R i Conic*IN?/2

unit

Rumt Runit Runit

Runit

Runit
VVN—

ks il

Cunit

L
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Lumped RC Wire? (preclass 4)

0 What would the delay be if we treated the wire as

lumped R and C?
Rwire — N X Runit Cwire — N X Cunit
Runit Runit Runit Runit Runit

Cunit

s

Penn ESE 3700 Spring 2025 - Li
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%nit :%mit igmit ignit -



Wire Delay

- Rwire — N*Rumt

- Cwire:N*Cunit

0 Lumped RC wire delay = R, *C,,; *N?
EI

Distributed RC Wire delay = R,;;*C.;.*N*/2

0 Distributed has half the delay of lumped RC
product

0 Delay 1s quadratic in length of wire in both cases
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Apply to Gates

Pass Transistor and CMOS

Penn



Pass Transistor XOR

0 Delay when A=B=17?

o=

-

<
Inn

— ek

<
Inn

— d

ﬁ =1
=1
A
W=1
e
A4
Ron Ron
h/\/v AV o VAVAVermn
VEERN 2Co+3Cyitro
| | N — 2Co+2Cqir0
N
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Pass Transistor XOR (preclass 5)

0 Delay when A=1, B=0?

s Start with equivalent
RC circuit

e 10

;I—

/B
T = W=1 =1
V] v ﬁg s L
4| W=1 ‘| W=1 ot y
-1 - W=1 L{ k= L{ .
A4
T v T
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Unbuttered (preclass 6)

a Circuit =2 Delay?

m 2 stages

—t
—
T

N

[ 1

W

||[
|
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Unbuttered (preclass 7)

a Circuit =2 Delay?

m 3 stages

all

1
1

w
L

w
L
A4

T

1
1

w
L

1
1

all

w
L
A4
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Unbuttered (preclass 8)

0 Delay as a function of number of stages, k?

4——
|
|
|
|

ne stage

|:W=1 |:W=1 /b I___;: ______ _i
= L= g E s T
— | — l
L m | \_l_‘ |

w=1 w=1 — | e
[ =1 [L=1 b __ | — I

|

o =
< < — I — | :

L | L
b I Ic I
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2 CMOS XOR (preclass 9)

a Delay with Cdiff>0?
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Review: Two-Input NOR Gate (NORZ2)

Load
or [ >—+—
Pull-Up Net F (V) #
F L \ +
AV, - -
B (Vp) T |Pull-Down Net IF
. |
Z(Vy) < L
T

0 Worst case delay of NOR2?

s Minimum size, LLoaded with itself
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NOR2 Transfer Curve

>

B

3 VTC Cases
V,=0V;V,=0—-V,,
V,=0—->V,,; V,=0
V,and V, =0 — V, simultaneously

Penn ESE 3700 Spring 2025 - Li

S11]

lultaneous
syitching

only one
input
switches

» V.

mn

Switching Threshold Voltage:

V,=V,=V,

out

:V‘[



NOR2 Delay (preclass 10)

0 Worst case delay for Pull-up?
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NOR2 Delay

0 Worst case delay for Pull-up?

Worst Case for Pull-up 2 V,=0,V,=V,,>0@t=0& V, = V_,=0->V,
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NOR2 Delay

0 Worst case delay for Pull-up?

DD

Croaanrz = 2C45 1 3C 4+ C

load

Reqv = R2+Rp1
\J;
v Lumped Model
V
l \Jmn
A
T Cload

1L C
V1 G dlff Cdlff
MN1S

Worst Case for Pull-up 2 V,=0,V,=V,,>0@t=0& V, = V_,=0->V,
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NOR2 Delay

—up?’
a Worst case delay for Pull-up? ¢ ~ac. +3c,. +C
Vip = 5yC,+ 2C,

load

REQV R 2+Rp1 — 2RO
VZ
v Lumped Model
V
1 \Jmn
A
T Cload

1L C
Vl G dlff Cdlff
MN1S

Worst Case for Pull-up 2 V,=0,V,=V,,>0@t=0& V, = V_,=0->V,

delay = (5yCy+ 2C)(2R)=(10y+4)t
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NOR2 Delay

0 Worst case delay?

Croadnry = 2Cqa T 3C+ C

load

DD = 5yCy+ 2C,
S REQV — Rp2+Rp1 — 2RO
G |E B ! ¢
VZ
v MPZEJ Cite Elmore MOde|7
X S J_
Vl
\ﬂnn
A
T Cload

1L C
Vl G dlff Cdlff
MN1S

Worst Case for Pull-up 2 V,=0,V,=V,,>0@t=0& V, = V_,=0->V,
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NOR2 Delay

0 Worst case delay? Crosanpy = 2Cq+ 3Cyp+ Cp
VDD = S'YCO + 2CO
Va’d S REQV — Rp2+Rp1 — 2RO
V G B
2 IE n
R, v MP2DL_T Caitr Elmore Model?
X S
R, % 1 2Ca V,
l: ng
o Out Y
I 3Cui5t Cloua T Cload

1L C
Vl G dlff Cdlff
MN1S

Worst Case for Pull-up 2 V,=0,V,=V,,>0@t=0& V, = V_,=0->V,
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NOR2 Delay

0 Worst case delay? Crosanpy = 2Cq+ 3Cyp+ Cp
VDD = S'YCO + 2CO
Va’d " REQV — Rp2+Rp1 — 2RO
V G B
2 IE n
R, v MP2DL_T Caitr Elmore Model?
X S
R, % 1 2Ca V,
l: ng
o Out Y
I 3Cui5t Cloua T Cload

1L C
Vl G dlff Cdlff
MN1S

Worst Case for Pull-up 2 V,=0,V,=V,,>0@t=0& V, = V_,=0->V,

delay = (2C4ig)(Rp2)T(3CyigrtCioad) (Rp1 TR 2)=(8y+4)1
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NOR2 Delay

0 Worst case delay Pull-down?
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NOR2 Delay

0 Worst case delay Pull-down?

VDD
VZ
VX
Vl
Vout
A
T Cload

— YV
G _‘Lcdiff Gl C.
\/1 - V2 45 diff
MN1S MN2 *

Worst case for Pull-down 2> V,=0,V,=0 >V, @t=0& V, = V,

out

=Vpp=> 0
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NOR2 Delay

0 Worst case delay Pull-down?

Worst case for Pull-down 2> V,=0,V,=0 >V, @t=0& V, = V,

Penn ESE 3700 Spring 2025 - Li

Elmore Model?

G

MN1S

Vv

out

A
T Cload

L Caifr Gl C v
- V2 45 diff
MN2 ®

=Vpp=> 0

out



NOR2 Delay

0 Worst case delay Pull-down?

Elmore Model?

Worst case for Pull-down 2> V,=0,V,=0 >V, @t=0& V, = V,

out

=Vpp=> 0

delay = (2C4ig)(Rp1 TR ;)T (B Chigrt Croad) (Rpp)=(7y+2)1
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NAND?2 Delay (preclass 11)

5
L do)
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Parasitic Caps for NAND2 (worst case)
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Parasitic Caps for NAND2 (worst case)

Worst case for Pull-up 2
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Parasitic Caps for NAND2 (worst case)

Worst case for Pull-up 2 V, =V, V,= V>0 @t=0 & V, = =0->Vpp

out
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Parasitic Caps for NAND2 (worst case)

Worst case for pull down =
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Parasitic Caps for NAND2 (worst case)

Worst case for pull down 2 V, =V, V, =0 >V, @t=0 & V.= V

out

=Vpp= 0
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Logic Types

o CMOS Gates

= Dual pull-down and pull-up networks, only one enabled at a time

= Performance of gate is strong function of the fanin of gate

= Techniques to improve performance include sizing, input reordering, and

buffering (staging)
0 Ratioed Gates
= Have active pull-down (-up) network connected to load device

= Reduced gate complexity at expense of static power asymmetric transfer
function

= Techniques to improve performance include sizing to improve noise margins and reduce
static power

0 Pass Gates
= Implement logic gate as switch network for area and often delay win
= Long cascades of switches result in quadratic increase in delay

= Also suffer from reduced noise margins (V- drop)

= Use level-restoring buffers to improve noise margins

0 Dynamic logic ... next time
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Idea

a Elmore delay calculation allows us to estimate delay
for distributed RC network

= Necessary for pass transistors

0 Wires are distributed RC

= Half delay lumped calculation
= Still quadratic in length
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Admin

a Project 1 out now

= Design 8-bit ripple-carry adder
= You already know how to do this

= Refresh yourself on binary addition of 2 bits

= Work individually
= Full Report due F 3/28

= Can’t pass the class if you don’t turn in projects

= Can’t do project last minute
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