ESE3700: Circuit-Level Modeling, Design,
and Optimization for Digital Systems

LLec 14: March 26, 2025
Driving Large Capacitive Loads
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Today

0 Back to CMOS today

0 How do we drive a large capacitive load?
= Stages and bufter sizing

= Minimum delay
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Message

0 To drive large loads
= Scale butfers geometrically

= Exponential scale up in bufter size

0 Scale factor: 3—4 typically
= One origin of FO4 target

0 Drains contribute capacitance too (Cgg)

0 Can formulate sizing to optimize
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Call back: Large Fanout Delay

0 What is delay if must Yoo
drive fanout=100?

vdd LH}“

11 vV
il o 100

Vdd
~H:1/1 —_
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Call back: ...and Again

0 Delay here?

Vdd Vdd Vdd Vdd Vdd Vdd Vdd

A" e e e e

Vdd

4L

i e e Y Y b e
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Start C =0

Penn



One Stage

0 How do we size to minimize delay?
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]

Vdd

Vdd

q
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One Stage

0 Delay equation?
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One Stage

0 Delay equation?

R

R

delay=—22W, -C,+—--C, _,

2
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1
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. Minimize

delay=RW, -C, + Ly | Ch
WN

0 Differentiate and set to zero

RO

W
N

RO CO . Cload = O
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. Minimize

delay=RW, -C, + Ly | Ch
WN

0 Differentiate and set to zero

R,

ROCO WA% . Cload = O
d
—
W2 _ Cload W — Cload
N N
C, VG
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Concrete?

O What iS WN f()f Cload:4Xlo4CO?

WN — Cload
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_|2/1

CIoad
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k-stage Delay

Vdd Vdd Vdd Vdd
o/
4E 4E CE Olg
—_ ® O O
1 CIoad
—l 2/ —| Wi —| Wi —| Wik
N
27:(WN1 +WN2 +WN3 +ot Y +WN(i+I) o+ W + R, xC,
2 WNl WN2 WN(i—l) WNi WN(k—l) WNk
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Size Wy to minimize delay

0 How do we minimize?

WNl +WN2 +WN3 + .+ WNi
2 WNI WN2 WN(i—l) WNi

2T
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Size Wy to minimize delay

0 Take partial dertvative with respect to Wy; and set =0

WNl + WN2 + WN3 WNi WN(i+l) Ro

2T +...+ + +...+ + XC, 4
2 WNI WN2 WN(i—l) WNi WN(k—l) WNk
W,..
27[04040 4. +—— e L 0l40=0

WN(i—l) (WNi)2
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Size Wy to minimize delay

0 Take partial dertvative with respect to Wy; and set =0

2T W]\’1+WN2+WN3 ot Wi +WN(i+1)+...+ W + Ry xC,
2 WNl WN2 WN(i—l) WNi WN(k—l) WNk
1 w.
27| 04+0+0+...+ -4+ +0(+0=0
WN(i—l) (WNi)

1 _WN(i+1) S WNi _WN(i+l)

2
WN(i—l) WNi WN(i—l) WNi
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Delay

0 Conclude: at optimal sizing, ratio of stages 1s same:

1 _ WN(i+l) S WNi _ WN(i+l)
2
WN(i—l) WNi WN(i—l) WNi
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Delay

o Call that ratio p
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Stage Delay

WNI +WN2 W

2T +

=
w

2 W, W
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Stage Delay

=
w

+

21— WN1+WN2 W
2 W, W

2

2T(WN1 +W 2 WN3
2 WNI WN2
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Stage Delay

2r(WN1+WN2+WN3+...+ Wy +WN(i+1)+...+ Wi + Ry xC,

2 WNl WN2 WN(i—l) WNZ WN(k—l) WNk

21’(WN1+WN2+WN3+ + Wi +WN(”I)+...+ W + Ry xC,
2 Wy Wy, WN(i—l) Wy WN(k—l) 2t W

0 = Wy, _ Wy _ WN(i+1) Cload
N(-1) WNi WNk (2CO)
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Stage Delay

0= =
1) WNi WNk (2C0 )

WNI WNi _ WN (i+]) Cload
2 N (i

Two math simplifications: 1) to relate p and
k, 2) total delay in terms ot p and k
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Stage Delay

WNl _ WNi _ WN(i+1) Cload

2 ) WN(i—l) WNi WNk (2Co)

(WNl)(WNz)(WN3)“.( WNi )(WN(HD)W( WNk
2 WNI WNz WN(i—l) WNi WN(k—l)

p:

Cload k+1

=P
Wy (2C,)

Penn ESE 3700 Spring 2025 - Li



Stage Delay
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Total Delay

0= WN1
2

2T Wi + Wi + Wy + ..
2 WNI WN2
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WN,' _ WN(i+1)
WN(i—l) WNi

WNi + WN(HD + ..
WN(i—l) WNi

CZOad
W (ZC 0 )
WNk RO




Total Delay

WN1 WNi _ WN (i+1) Cload

p — — — —
2 WN(i—l) WNi WNk (2C0 )
2T WN1+WN2+WN3+...+ Wi +WN(i+l)+...+ W + R,
2 Wo Wy, WN(i—l) Wy WN(k—l) 2T - Wy,

TotalDelay =2t(k+1)p
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Total Delay

B
k+1
load

4C

0

p=

TotalDelay =2t(k+1)p

C... )@;)

4C,

TotalDelay =2t (k + 1)(
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Plot Delay vs. k (C,4=4x10*C,)

e

4C,
Delay vs. Number of Stages

TotalDelay =2t (k +1)

200

Delay (T units)

50

1 2 3 4 5 6 7 8 9 10 11 12

Stages (k)
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Z.oom: Plot Delay vs. k (C,,=4x10C,)

1
=
Cload '
4C,
Delay vs. Number of Stages

TotalDelay =2t (k +1)

—_
)
()

O
(e

]
()

~J
(e

[
[an)

w
()

Delay (T units)

N
[a)

(SN
()

1 2 3 4 5 6 7 8 9 10 11 12

Stages (k)
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. Minimize

1

¢\
TotalDelay =2t (k +1)| -2«

4C,
0=27 (Cload )(k+l) —(k+1)- ln(cl"ad )(Cload )(k+l) (
4C, 4C, )\ 4C,
d(b*) _ in(b)- b*
X
d(/x) __1
ax - X2
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. Minimize

C... )W

TotalDelay =2t (k +1
y=21( )( icC,

! 1

2 w1y
27 % —(k+1)-1In Cload Cload ( 1 )
4CO 4C0 4C0 k+1

O = 1 —_ (L)ln Cload
k+1 4C,

0

d(l)):) _In(b)- b* )
dit/x) __ 1 k=ln(4lgld)_1
ax X2 0
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Concrete (Preclass 3d)

a0 What is optimal k for C,,,;=4x10*C?

/Cl \

oad 1

\ 4C,

k

In
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Z.oom: Plot Delay vs. k (C,,=4x10C,)

1
=
Cload '
4C,
Delay vs. Number of Stages

TotalDelay =2t (k +1)

—_
)
()

O
(e

]
()

~J
(e

[
[an)

w
()

Delay (T units)

N
[a)

(SN
()

1 2 3 4 5 6 7 8 9 10 11 12

Stages (k)
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: Optimum Scale Up

0 For optimum delay

k= ln(clo"d)—l

4C,
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: Optimum Scale Up

load
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: Optimum Scale Up

p= jl"cfd e =(Y)(1(1Y)]
1
In(p) = 7 In(Y)=1
p=e
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Call Back: Total Delay

WN1 WNi _ WN(i+l) _ Cload

IO — — —

2 WN(i—l) Wi Wi (ZCO)
2I(WN1+WN2+WN3+...+ Wy +WN(i+1)+...+ Wi + Ry xC,
2 WNI WN2 WN(i—l) WNi WN(k—l) WNk
21’(WN1+WN2+WN3+...+ Wi +WN(”I)+...+ W + Ry xC,
2 Wy Wy, WN(i—l) Wi WN(k—l) 2T W

TotalDelay =2t(k+1)p
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Delay at Optimum

k=ln(C’0“d -1 p=e

4C,

TotalDelay =2t (k+1)p
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Delay at Optimum

k=ln(cload -1 p=e

4C,

TotalDelay =2t (k+1)p

Cload y
4C,

TotalDelay =27 *In

0 What is optimal delay for C,,,;=4x10*C, in tau units?
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Z.oom: Plot Delay vs. k (C,,=4x10C,)

1
=
Cload '
4C,
Delay vs. Number of Stages

TotalDelay =2t (k +1)

—_
)
()

O
(e

]
()

~J
(e

[
[an)

w
()

Delay (T units)

N
[a)

(SN
()

1 2 3 4 5 6 7 8 9 10 11 12

Stages (k)
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Cairr=7C

gate

Penn



Dittusion Capacitance (Preclass 4)

0 What does this do to T model?

s Delay of middle stage cascade?
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Vdd
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Dittusion Capacitance (Preclass 4)

0 What does this do to T model? Vdd Vdd

s Delay of middle stage cascade?

R,

W)(zwl-cdl.ﬁﬁzwz-co) —| W1 —| W2
1

delayy, .y, = (

K,

delay . .., =72
Ywi-w2 (VVl

)(VVI yCo + W, °Co)

W.
delay,,, ...=2T|y+—=
Ywi-w2 (V VVI)
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k-stage Delay

2T(WN1 + WN2 + WN3
2 WNI WNZ

+...+

Vdd

delay,, , .., =2T (y + %)

M

2/1

W,,

l

+

WN(i+1)

WN(i—l)

Vdd

dL

WN i

Vdd

d

+...

HL

2/1

A
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HL

WN1

A4

o

Y4

+

WNk

+

K,

WN(k—l)

WNk

Vdd

il

X Cload

HL

CIoad




k-stage Delay

1% 174 |14 W.. Wy .. %% R
27| MLy N2 4 NSy Ny M)y M | 0 xC,
2 Wo Wy, WN(i—l) Wy WN(k—l) Wi
\Vdd Vdd Vdd Vdd
delay,,, ., = 217()/ + %)
2/1
Jd dl Ml q[
® 6 ¢
CIoad
_”:21 _||:WN1 _||:WN2 _||:WNN T
A4 NV NV NV N
. W, .
2’5()/+WN1+y+WN2+y+WN3+...+y+ W +y+—ED oy
2 WNI WN2 WN(i—l) WNi WN(k—l)
R
+— (Croua +2YWiCo)

Penn ESE 3700 Spring 2025 - Li "



k-stage Delay

. W, .
27()’+ W +7/+WN2 +7+ Wi +o.+Y+ W +y+—ED v+ Wi )
2 WNI WN2 WN(i—l) WNi WN(k—l)
RO
+ (Crowa +2YW,,.Cy)
Nk
. w. .
217()/k+ Wi + Wya + Wis o+ W FRRARLLG. Wi + R, (C,., +2yW,.C,)
2 WNl WNZ WN(i—l) WNi WN(k—l) Nk
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k-stage Delay

. W, .
2T Ny D Ly )
WNI WN2 WN(i—l) WNi WN(k—l)
RO
+ (Crowa +2YW,,.Cy)
Nk
. w. .
27| vk + Wi + Wya + Wy o+ W FRRARLLG. Wi R (C,., +2yW,.C,)
2 WNl WN2 WN(i—l) WNi WN(k -1) WNk
( W,
27| vk + Wi + Wya + Wy o+ Wi FRRARLLG. Wi + R, C,..+21y
2 WNI WN2 WN(i—l) WNi WN(k—l) WNk
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k-stage Delay

. W, .
27|y + N1+y+WN2+y+WN3+...+y+ W +y4+—ED oy )
WNI WN2 WN(i—l) WNi WN(k—l)
RO
+ (Crowa +2YW,,.Cy)
Nk
. w. .
27| vk + Wle + ‘;VVM + x’” o+ W FRRARLLG. Wi + R, (C,., +2yW,.C,)
N1 N2 WN(i—l) WNi WN(k—l) WNk
( W,
27| vk + Wi + Wya + Wy o+ Wi FRRARLLG. Wi + R, C,..+21y
2 WNI WN2 WN(i—l) WNi WN(k—l) WNk
. Ww. .
27| vk + W;“ + Wy + Wis o+ W + D 44 Wi + R, C.. +y)
WN] WN2 WN(i—l) WNi WN(k—l) 2tWNk
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k-stage Delay

. W, .
2T Ny NED by 4 Wi )
WNI WN2 WN(i—l) WNi WN(k—l)
R
+—2 (Croua +2YW4,.Cy)
Nk
. w. .
27| vk + Wi + Wya + Wy o+ W FRRARLLG. Wi R (C,., +2yW,.C,)
2 WNl WN2 WN(i—l) WNi (k-1) WNk
( W,
27| vk + Wi + Wya + Wy o+ Wi FRRARLLG. Wi + R, C,..+21y
2 WNI WN2 WN(i—l) WNi WN(k 1) WNk
. Ww. .
27| vk + Wi + Wya + Wis o+ W + D 44 W + R, C.. +y)
2 WN] WN2 WN(i 1) WNi WN(k 1) ZTWN/{
. W. .
2T )/(k+1)+WN1 Wy + Wy o+ W SRR RIS Wi R, Cload)
2 Wi Wy, WN(i 1 Wy WN(k 1 2T'WN1<
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Size Wy to minimize delay

0 Take partial derivative with respect to Wy; = 0

W,
or|pkenys Vo Moo Wos o W Woaw ) W Ry
2 W W Wyiy Wy Wyaeny 27 Wy
1 W, .
27|0+0+0+...+ - NED L +0(+0=0

WN(i—l) (WNi)2

1 =WN(i+1) S WNi _WN(i+l)
WN W12Vi WN WNi

(i-1) (i-1)
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Impact on Minimum Wy;? (Preclass 4c)

0 Partial dertvative unchanged

What does this say about p?
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Stage Delay: p unchanged (for fixed k)

WN 1 WNi _ WN (i+1) Cload

0= =
2 WN(i—l) WNi WNk (2C0 )

c, |

load

4C

0

o=
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Stage Delay:

p _ WNI _ WNi _ WN(i+1) _ Cload
2 WN(i—l) Wy Wi (2C0 )
o)
,0 — Cload e
4Co
27| y(k+1)+ Wi, + Wia + Wis +...+ W + Wavgea +..+ Wi + R .
2 WNl WN2 WN(i—l) WNi WN(k—l) 2T ) WNk
TotalDelay =2t (k+1)(p+7)
( (L) )
C k+1
TotalDelay =27t (k +1)| | =12 +y
4C,
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Impact of Gamma

Delay vs. Number of Stages

W
U
(e]

Delay (T units)

1 2 3 4 5 6 7 8 9

Stages (k)
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Impact of Gamma

Delay vs. Number of Stages

100

\

-
a 80 A
= W
\E)/ 70 \ \—/
>
E 60
P
Q

50

40 . . . . . : : : : : :

1 2 3 4 5 6 7 8 9 10 1 12
Stages (k)
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. Minimize

TotalDelay =2t (k +1) (

0

2T y+(

O=y+p—(k+1)-ln(

Penn ESE 3700 Spring 2025 - Li

TotalDelay =2t (k+1)(p+7)

load

4C,

)W_@H).m(

y+p=ln(

load

(

\

4C,

... )(

1

oad

Cload Cl
ac, |\ 4

Cload ( 1
p -
ac, " \k+1

4C,

Ii

1 )p
+1

|

)




Solve
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Y+ 0=In
1+1 In
0

load 1 ,0
4C, Nk +1
load 1
4C, N\k+1




Solve
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|
+ =1n load
rep 4C, (k+1)p
Y 41 =1n| toad ( 1 )
0 4C, N\k+1
( 1)
k+1
Y il=1n Cload
0 4C,
\ /
Y
~—+1=In(p
! 1=in(p)




Optimal Staging Any y
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p and y? (Preclass 4f)

0 p=41s optimal for what y?

0 p=31s optimal for what y?

Penn ESE 3700 Spring 2025 - Li

(7+1)
p m— 2 P

|4
Inp=—+1

P
plnp—p=y



Impact of Gamma

Delay vs. Number of Stages

100

\

-
a 80 A
= W
\E)/ 70 \ \—/
>
E 60
P
Q

50

40 . . . . . : : : : : :

1 2 3 4 5 6 7 8 9 10 1 12
Stages (k)
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: Optimal Fanout

0 Clearer why we use p=4
as our benchmark?

| <

1

Vdd Vdd |:1 "
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Idea

0 To drive large loads
= Scale butfers geometrically

= Exponential scale up in buftfer size (p = e)

0 Scale factor: 3—4 typically

= One origin of fanout 4 target
0 Drains contribute capacitance too (Cgg)

0 Can formulate sizing to optimize
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Admin

a Project 1
= Final report due Friday 3/28 midnight

o HW 6 release Friday 3/28, due 4/11
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